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PREFACE.

. .

THis treatise is especially intended for the use of begin-
ners. I have long wished that Algebra might be introduced
into common schools, as a standard branch of education; and
there seems to be no good reason why the study of this most
interesting and useful science should be confined to the
higher seminaries of learning. The upper olasses, at least,
in common schools, might be profitably instructed in its
elements, without neglecting any of those branches to which
they usually attend.

This work pretends to no original investigations, no new
discoveries. My labor has been the very humble one of select-
ing such materials as. belong to the elements of Algebra, and
of arranging them in such a manner as may render the
introduction to the science ¢asy. If there be any peculiarity
in this werk, it is.its simplicity. I have endeavored to make
it as plain and intelligible as possible. There is little danger

(i)
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that the student will find the beginning of any art or science
too easy; and, in Algebra, he is required to learn a peculiar
language, to determine new principles, and to accustom
himself to an abstract mode of reasoning, with which he has
been little acquainted. Let the explanations, therefore, be as
full and diffuse as they may, he will still find difficulties
enough to exercise his mind. I have aimed to prepare a
work, which any boy of twelve years, who is thoroughly
acquainted with the fundamental reles of Arithmetic, can
understand, even without the aid of a teacher.

The following are the leading prinociples which I have
observed, in preparing this treatise :—

To introduce only such parts of the science, as properly
belong to an elen.leuta.ry work ;

To adhere strictly to a methodical arrangement, that can
be easily understood and remembered ;

Never to anticipate principles, so as to make a clear under-
gtanding of the subject under consideration, depend upon
some explanation which is to follow;

To introduce every new principle distinctly by itself, that
the learner may encounter but one difficulty at a time ;

To deduce the rules, generally, from practical exercises,
and to state them distinetly and in form ;

1 To give a great variety of questions for practice under each
rule;
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To solve or fully explain all questions which involve a new
principle, or the new application of a principle already
expla.i;led ;

To show the reason of every step, without perplexing the
learner with abstruse demonstrations;

To illustrate the nature oft algebraic calculations; and their
correctness, by a frequent reference to numbers ;

And, finally, to advance from simple to difficult problems
in such a manner as may fully exercise the powers of the
learner without discouraging him.

As this little book professes to be merely an introduction to
more full and scientifical treatises upon Algebra, it was not my
original design to extend it beyond Equations of the First
Degree. The subsequent chapters on Evolution and Equa-
tions of the Second Degree, have been added with a particular
reference to schools for young ladies. It is presumed that
the work, in itg present form, contains as much of Algebra as
this class of learners will, in general, find time to study.

i E. Bamwey.

BosTox, July, 1838.

1



PUBLISHERS ADVERTISEMENT.

IN presenting to the public this Revised Edition of Bailey’s
First Lessons in Algebra, the publishers beg leave to st.t;be,
that the labor of revision has been undertaken by a daughter
of the author. The task has thus, fortunately, fallen into the
hands of one whose regard for the memory of a father, no less
than a long experience in teaching, especially in this branch
of study, has rendered her peculiarly well qualified for the
undertaking. No pains have been spared to adapt the work
to the present demand for an elementary text book in
Algebra. Every page has been caxefuily and ecritically
examined by Mr. 8. 8. Greene, Professor of Mathematics and
Civil Engineering, in Brown University, to whose valuable
suggestions, the publishers would acknowledge themselves
indebted, not only for the improved arrangement of the
matter, but for the lucid and elementary treatment of many
of the subjeots discussed.

(vidy



viil PUBLISHERS’ ADVERTISEMENT.

Bailey’s Algebra was one of the first and most successful
" attempts to adapt the subject to the young beginner. While
the general spirit and aim of the author has been preserved
in this edition, the book has been entirely re-written, and
enlarged i)y the addition of copious examples, and by the
discussion of several topics not included in the original plan.
Some of the distinetive features of the revised edition, are,—

1. An Introductory Chapter, designed especially for begin- -
ners.

2. A full development of the subject of Factors, Multiples,
and Divisors.

8. A complete discussion of the Square and Cube Roots.

4. A chapter on Arithmetical and Geometrical Progression.

5. A chapter on Surds, and Equations involving them.

6. A distinct statement of the principles developed, ar-
ranged, and numbered consecutively, for convenience of
reference. |

Hoping that this new edition will prove as valuable a text
book to the present generation, as the former edition has to
the past, we ask for it the attention of Teachers, School
Committees, and the friends of Education generally,

Hicrring, SwaN & BREWER.
Bosrox, October, 1859.
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FIRST LESSONS IN ALGEBRA.

CHAPTER L

) INTRODUCTORY EXERCISES.

SECTION I

EQUALITY AND INEQUALITY.

TromAs had 10 cents in his pocket, and Henry had 5 in
each hand. Had they an equal or an unequal number?~
Thomas spends 4 of his, and Henry 2 of his. Have they
now an equal or an unequal number ? i« Then,

1. Two numbers may be either EQUAL or UNEQUAL.

Are 10 and 10 equal or unequal 7 < Are
7and 3! ?e- .0001 and .000017 %
94 and 107~ 8.001 and 3.00100°7 <~
3} and 3.257¢ 0 and .000001? -
3} and 3} 7¢ 7} and 7337 & -

Is 12 greater or less than 12.0017 s
6) than 63?7-°  § than §2,°
-0001 than .00001% 5,75 than 537
0 than .0000017¢ " 10.5 than 10497 £
2



14 FIRST LESSONS IN ALGEBRA.

8. To show that two numbers are equal, place between them
two parallel lines (=); to show that two numbers are unequal,
place between them two lines, brought together towards the
smaller (> <). :

Thus, 4 — 4" means 4 s equal to 4; “5 > 2” means 5
18 greater than 2; “8 < '7” means 3 is less than T.

Place the proper character between

7 and 1. Frad -
0 «ad .0001. 1.001358 155 :
$ a5d .75. jad %

8. A character used instead of words, is called a SIGN or
SYMBOL.

Thus, =, <, >, are signs.
Point out and explain the signs in these examples :—

8.76 = 3}. 6.5 > 6.
7 < 15. 3=7%.
4. When we explain a sign or symbol by words, we INTER-
PRET %,
Thus, — means “ equal to.”
< means “less than.”
> means “ greater than.”

5. Two numbers united by a sign, form a combination
called an EXPRESSION by symbols.

Thus, 10 = 10” is an expression for the equality of two
numbers; “10 < 15” or “10 > 8” is an expression for the
inequality of two numbers.

Nore.—All figures, as 1, 2, 8, 4, 5, &c., are symbols. Hence, any
expression containing figures, or any other symbol, as «“17 > 15” is
interpreted when its meaning is givén in words, as ‘‘seventeen is
greater than fifteen.” Hereafter, let the learner interpret every new
expression.
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8. An expression for the equality of two or more numbers,
s called an EQUATION; an expression Jor the inequality of
two or more numbers, is called an INEQUALITY.

Thus, “ 12 = 12” is an equation ; “3 << 8” is an inequality.

What decimal may be put equal to each of these vulgar
fractions ?

%’ %1 TT’ TE’ 3%{" &g'

Put an improper fraction equal to each of the following
mixed numbers :

3%’ 79]’ 8'1'41'7 «123' 13'1_]‘7'

SECTION II.

EQUATIONS CONTAINING THE SUM AND THE DIFFERENCE OF
NUMBERS.

Jane has 12 pencils, and Julia has only 7. How many
must be added to Julia’s number to make it equal to Jane’s?
Then, 5 -added to'7 = 12.

7. We may form an egquation by putting the SUM of two
numbers equal to a third.

Thus, 10 added to 17 = 27.
13 added to 13 = 26.

8. Instead of the words “ added to,” we may use the sign -,
called PLUS, to express the SUM of two numbers.

Thus, “5 + 8” is an expression (5) for the sum of 5 and
8, and should be read 5 plus 3; and “5 4 8 =8” is an
equation containing the sum of two numbers.

Instead of the following blanks, put in such numbers as
will form the equations.
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12 + (L) =85. (94—) +25 =
(L) + 28 = 9. )+ (—94) — 103.
29 + 86 — (4. + A=
47 + (-39) =T6. 75 + &7 #5)
9. When we join numbers by the sign -}, we INDICATE their
sum ; when we PERFORM what 18 indicated, we obtain the sum,
and thus REDUCE the expression to a single number.
Thus, 8 4 10 4 16 4 20 is the indicated sum of 8, 10,
16, and 20. By performing the addition indicated, we obtain
54 as the reduced sum. Hence, 8 + 10{;- 16 4 20 = 54.
Indicaf 7,13, and 254§ 9, 11, 18, 27, and =27
84;0f1 O&??af&im and .34; ff 3% TST, a.nd o \Put 2
each indicated sum equal to the reducedsum T CS[A% 73
Robert had 15 marbles, but lost 5. How many has he &5 '

Then, 15 less 5 = 10.
10. We may form an equation by putting the DIFFERENCE

of two numbers equal to a third.
Thus, 17 less 7 = 10.
19 less 8 = 11.

11, Instead of the word “less” we may use the sign —,
called MINUS, to express the DIFFERENCE of two numbers.

Thus, “6 — 3” is an expression (5) for the difference be-
tween 6 and 3; and “6 — 8 — 3” is an equation containing
the difference of two numbers,

Instead of the blanks below, put in the numbers required to
make the equations.

%— () =18 86— (3=
48— (H) =382 (P — (J%> =12
() —11=17. 39 —18=($£&).
12, When we join numbers by the sign —, we INDIOATE
their difference; when we PERFORM what ts indicated, we



the latter from the 8UM of the former. 144
Reduce to a single number : ,
. 18—1146—241,% j "}ﬁ"% TR
- 9+8+7—6—21+4 23 a9
D; ) ‘47
? 1h +21 43 64354 191,/ f3#43.;'.-
{;;,4_ S 325‘17—{—3—6—}—18—124—21—7 ‘g

INTRODUCTION. : 17

obtain the difference, and thus REDUCE the expression to a
single number. .

Thus, 19 - 12 is the indicated difference between 19 and
12. By performing the subtraction indicated, we obtain 7 as

the reduced or actual difference. .
.Indicate thg difference between J/
7 15, 25 ‘and 48,4,/
19 dhd 25,. 11.32 and 19.03,
8 and 31, 13} and 1533,

Make equations by putting each indicated difference equal

- to the reduced or actual difference.

‘Walter earned-12 cents at one time, and gave away 3 ; again,
he earned 6, and gave away 2. How many had he left the
first time 7? How many the second? How many in all?
Indicate what he had left the first time ; the second time; in
all. Thus, he had 12 — 3 added to 6—2 or by (8) 12—3

+ 6 — 2. How will you find how many he had left in all? f"‘

Ans. By taking all he gave away; namely, 3 and 2, that is,
8 + 2, or 5, from all he earned; namely, 12 4 6, or 18.
Hence, 18 — 5 — 13 is what he had left.

13. To reduce to a single number an eXpression having
some numbers joined by -, and some.by —, take the 8UM of

W .

" 7 ' : 'S -~

14, Th,e rts of an, express toget , OF —,
are called its TEB.MS those prweded by the sign + are called

2%
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PLUS TERMS, and those preceded by the sign — are called
MINUS TERMS. A term without a sign s always plus.

Point out the plus and the minus terms in the preceding
exercise. Put each expression equal to the reduced result.

15.- We may form an equation by putting any number of
plus and minus terms taken together, equal to a single term.

Thus,12 — 3 4+ 6 — 2 =13; and
16 —6 4+ 7 —4=13. But,
186. Any two things which are equal to the same thing are
equal to each other.

Therefore 12 — 8 + 6 — 2 must equal 16 — 6 + 7 —4,
since each expression is equal to 13. Thus,

17. We may form an equation having any number of plus
or minus terms, on either side of the sign —; those on the left
are called the FIRST or LEFT HAND MEMBER, and those on the
right the SECOND or RIGHT HAND MEMBER of the equation.

Determine which of the following expressions are equal to
each other, and put them into equations : 4

20 —54+8—44 1220 100 —754 8 —14.

84+2410g4+42.57925+42—843—-2

6414 —8 1448 —-245—1- /7

18 —1—-844. . 4415—248.

50 +60 —30 —25—30. 546—2+410—7.

SPCTION IIL

EKNOWN AND UNKNOWN QUANTITIES.

Frederic has walked 37 miles. How many miles more must
he walk to travel in all 99 miles? . ~_
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Here we have 37 - the part not given — 99.

18. When a part is not given, but is required by such words
as “ How many,” ¢ Required,” “What number,” dc., it is
called an UNKNOWN QUANTITY. All others are KNOWN
QUANTITIES.

Thus, in the following equations, the terms expressed by
what, how many, and what number, are unknown.

28 +4- what — 40.
‘What number 4 30 —=95.
37 + how many + 12 —=65.

19. Instead of the words “what,” “ what number,” dc., we
may use some symbol (3), as* x, y, or z, for the unknown
quantity.

Thus, “ z - 6 = 15, means (5 note) *“ What number added

to six i8 equal to fifteen,” and should be read “ z plus 6 = 15.”
Read and interpret the following examples :

z+412=16. z -4 25 =296.
y—13=20. 48 — 2 —=25.
z 4 19 =27. 17 + = =30.

We can reduce (9) 8 412 to the single term 20; or
16 — 5 to 11. To what single term can you reduce = 127
ory—37

20. The sum or the difference of any known number and an
unknown quantity can never be reduced to a single term. It
can only be indicated.

Thus, -+ 12 is the indicated sum (9) of 12 and the un-
known quantity z ; and z — 12 is the indicated difference.

Is the expression z -+ 12 known or unknown ? 1Is any part
of it known? Is it known as a whole?

21, Aay .expression, as = + 12, or © — 12, containing an
unknown guantity, i itself unknown.
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Bat, if = | 12 were equal to 56, we should have the equation
z -4 12 =156.

Now, separate 56 into two parts, makmg one of them 12.

The equation will then be

z412=44 4 12.

And since the part 12 in the first member is equal to the
part 12 in the second, what must the part x be equal to 7. Then,
=44 Hence,

22. To obtain the value of an unknown quantity, make <t
stand ALONE equal to a known quantity, called its EQUIVALENT.
Find, as above, the value of z in the following equations :

x -+ 37 =99. 88 4 = =190.
44 4 x=150. x4 21="11.
1+z=1. xz 4 36 =48.

In the equation 4 =4, if you add 6 to each member, will
the results be equal or unequal? Will the value of each
member be changed? 'Then, in an equation,

23. We may change the VALUE of the members, and yet
preserve their EQUALITY.

Thus, take the equation 12 =—12; first add 5 to both mein-
bers ; take the same and subtract 5 ; take the same and multiply
by 6; divide the same by 6. In the same manner try any
other equation with any other numbers. Are the results equal
or unequal ! Then,, '

24. If equals be ADDED to equals, the sums will be equal.

25. If equals be SUBTRACTED from equals, the remainders
will be equal.

26. If equals be MULTIPLIED by equals, the products will be
equal.

quS’l. If equals be DIVIDED by equals, the quotients will be equal.

These simple truths, called azioms, will aid in removing a

known from an unknown quantity.
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SECTION IV.
TRANSPOSITION.

In the equation x 4 85 =72, is the first member known
or unknown? See (21). What must be taken from it to
leave x alone? What must be taken from the second to pre-
serve the equality? See (2.5) Then, in an equation,

28. To remove a PLUS term from x, SUBTRACT s equal from
both members.

Thus, by subtracting 35 from x -} 85, z is left alone; and
by subtracting the same from 72, the equality is preserved.
We may first indicate (12) the subtraction thus,

x + 85 — 85 ="T2 — 35.

What two terms in the first member are exactly equal?
What sign.has each? Reduce them to a single term by (12).
‘What remains? Then,

29. A minus term cancels an equal plus term.

Thus, when we wigh to cancel a term, as 12, in the equation
x4 12 =19, we write after it — 12, and to preserve the
equality, write the same in the second member; or, since we
know that + 12 and — 12 will cancel each other, we may
omit them altogether in the first member, and .write — 12 in
the second to preserve the equality. The new equation still
has 12, not in the first member, but in the second, and with
the sign minus instead of plus.

80. When a term is thus changed from one side of the equa-
tion to the other, 1t s said to be TRANSPOSED.

Nore.—The learner should see that transposing a term is but the
application of (24)‘and (25).

In the equation z —16 =380, is z — 16 known or un-
known? How much must be wbi to z — 16 to cancel 16,
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and thus to leave x alone? See (29). How much must be
. added to 80 to preserve the equality? See (24). Then, in
an equation,

81. 7o remove a MINUS term from x, ADD s equal to both
members.

Thus, by adding 16 to = — 16, we get x alone; and by
adding 16 to 30, we preserve the equality. See (24).

Indicating the addition of 16, the equation stands,

x—16 4 16 =30 4-'16.
or by (29) z =30 4 16, or 46.

Here, ag before, the term — 16 seems to be taken from the
first member, and written in the second with the sign 4, and
thus is said to be transposed. Hence,

82. (1.) To transpose a PLUS term, write it in the opposite
member, with the sign — ; and

(2.) To transpose a MINUS term, write it in the opposite
member with the sign .

If  is found in the second member, as in the equation

16 —40 — z,
We may transpose it to the first member, thus,
16 4 = —=40.

This equation is the same as though we had added z to each
member, thus, .

* 164+ 2=40 4+ —=. Cancelling + = and — =,
16 + 2 =40. Transposing 16,
x—=—40—186. '
x=24.

Hence, we have the following general rule for transposition :

83. Any term may be transposed from one member of the
equation to the other by changing its sign.

Nore.—The unknown term8 should always be transposed to the
Jfirst member, and the knoaerms to the second.
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[ J
Find the value of z in the following equations:

1. 2—20="175. 6. z— 100 = 18.
22—'—1:150. 7.z+12=37+5.
3 2—95=1 ' 8. z 4 60 — 20 =100.
4. x 4 20 = 56. 9. 80 —30 =70 —=.
5. 20 — 80 — x. 10. 40 — 2z 4 15.

In this last example, after transpoging the unknown terms
to the first member, and the known terms to the second, we
obtain the equation »

—x=—25.

If now we transpose z to the seeond, and 25 to the first
member, we shall have ’
25 = ; or, what is the same thing,

x = 25. [

If we had changed the signs in the equation — z —— 25,
we should have had the same result. In the same way

84. The signs of ALL the terms in any equation may be
changed without destroying the equality.

Nore.—Whenever the first member is — 2, it will be necessary to
change all the signs in the equation.

Find the value of x in the following equations :

1. 90 = x — 60. 4, 40=2x—T3.
2. 28 — x —15. 5 75 —20=x—40 4 6.
3. x—96 =3. 6. 100—-75_:1:—6+20
— el b
SECTION V.
" PROBLEMS.

If, in the equation & | 16 = 24, we should interpret (4)
all its parts in common language (19), we should have the
question :
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¢ What number is there to wtlch if sxxteen be added, the
sum will be twenty-four ?”’

85. When an example is thus given, not in symbols, but in
common language, it s called a PROBLEM.

Make problems from the following equations :

x 4 75 = 100. & — 60 4 30 =170.
x — 34 = 60. @ 4 85 — 28 - 36.

On the contrary, when an example is given in language,
and we are required to obtain an answer, we must first express
all its parts by symbols. )

86. When the parts or conditions of a problem are ea:_pressed
by symbols, the problem 18 PUT INTO AN EQUATION.

Thus, take the problem,—

John and Gharles gathered 25 quarts of nuts ; of these John
gathered 12 quarts. How many did Charles gather?

Here we have 12 4 the number of quarts Charles gathered
=25. But this is partly in common language and partly in
symbols. If, now (19), we let the symbol « represent what

Charles gathered, we shall have

12 4 2 =25.
Transposing 12, x=25—12.
Reducing by (12) x=13.

1. What number added to 56 will make 100 ?
Let « = the number.

Then, putting the question into an equation (36), we have

z + 56 = 100.

x=44.,
In the same way perform the following examples:
2. A pole, 36 feet long, stands 17 feet in water. How many
feet are above water ?

3. A man 40 years old, has passed 19 years in America,
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and the rest of his life in England, How many years hag he
spent in England ?

4. From what number, if 80 be teken, will 28 remain f

5. A merchant sold some flour for $1000, which was $80
less than he gave for it. How much did jt cost him ?

6. A laborer earned $100, of which he spent $65. How
much had he left? .

7. A gentleman belug asked his son’s age, replied, “ If you
add 28 years to my son’s age, the sum will express my age, -
which is 40 years.” Required his son’s age.

8. What number is that, to which if 45 be added, the sam
willbe 817 .. ~ 3&

9. What number is that from which if 18 be taken, 80 will
remain ? -

10. A farmer sold his horse for $150, which was $25 more
than it cost him. How much did it cost himg/ 4 -

SECTION VI

FACTORS AND COEFFICIENTS.

A boy bought 5 melons for 50 cents. How much did he

pay for each ?

Let  — what he paid for emch 19).
Then, 5 times =z = 60.

87, To express the product of two numbers, place the sign
(X)), or (.), between them instead of the word “ times.”

Thaus, instead of 5 times x, we may use 5 X z, b, or
briefly 5x. Each of these expressions means 5 times z, or b
multiplied by  ; and, in the case of the last, is read “five z.”
The equation given above is written .

3 Sz = 00.
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Nore.—When two figures are to be multiplied, the sign should -
never be omitted; thus, write 6 X 6, not 56. This last expression
would be fifty-six, and not 5 times 6, or 30.

88. The numbers or quantities, which unite to form a product,
are called its FACTORS.

Thus, 5 and x are the factors of 5z ; 6 and z are the factors
of 6z ; 4, 5, and 7 are the factors of 4 X 5 X 7, or 140.

89. When the factors of a product consist of a figure and a
letter, the figure 18 placed first, and is called a COEFFICIENT.

Thus, in 12z, 18z, 9y, 11z, 12, 18, 9, and 11 are coeffi-
cients. '

Point out the coefficients-in

Te. 5y. Oz 9w.
3. Ty. 13z. 17w.

40. When the coefficient of a letter is 1, it is.not written.

Thus, « is the same a8 1z; y =1y; z = 12.

41. A product represented by sts several factors is only tndi-
cated. It is obtained when the indicated operation is per-
Jormed.

Thus, 5 X 10 XX 2 X 7 is the indicated product of 5, 10,
2, and 7 ; and 700 is the actual product, found by multiplying
the factors together.

Indicate and thén perform the mu]tm]»( ation

01 10,7, 9, and 4. 0f2, 3,5, 7, and 11.
0f16,3,11,and 2. ~  Of18,16,5,a0d 9.
Of 5,11, 18, and 17. Of 7, 8, 13, 17, and 12.

Of 3, 3, 8, and 8.
42. A product consisting”of a single factor repeated, as
8 X 8 X 8 X 8, is called a POWER of that factor. The power
18 best indicated by placing above and to the right of the factor
a small figure, called an EXPONENT.
Thus, 5 XX 5 X 5 is the third power of 5; and 5% which is
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read 5 raised to the 8d power,” or briefly “5 third power,”
is the same thing written with the exponent 3, to show how
many times 5 is used as a factor.

Indicate and interpret (3) the 5th power of 7; the 8th
power of 2; the 6th power of 4; the 10th power of 9; the 2d
power of . '

In the expression 12z, what is-the coefficient? Is 12
known or unknown? Is any part of it known? Is it known
as a whole?

If 12x were equal to 84, we should have the equation

. 122 = 84.

Now, separate 12z into two factors 12 X z, and also &4
into the factors 12 X 7; the factor 12 will be equal to the
factor 12, therefore the factor x must be equal to the factor 7.

" Hence, z=1T.

Or, if we divide 12z by 12, we shall obtain «. Then, to
preserve the equality (27), we must divide 84 by the same.
This gives us, as before,

z="T. Hence, we see that

43. To cancel any factor of a product, we must divide the
product by that factor.

Thus, to cancel 8 in 8z, we must divide by 8. 'What must

you divide by to cancel the co-efficients in the following ex-
amples ?

36zx. 25x. 11z,
28z. 3860x. 175x.
160zx. 120zx. 19z.

In an equation,

44. To remove a COEFFICIENT from z, divide (27) both
members by that coefficient. .

Thus, in the equation 16z = 64, divide by 16, and we have
r=4.
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Remove the ooefficients from  in theso equations :

132 =39. 1132 = 389.
Tx=49. 17z =85.
8z =1T2, 11z =121.

A boy bought a peach and a melon for 12 eents, and the
melon cost three times as much as the peach. What was the
cost of each ? )

Let & = the cost of the peach (19),
Then 3z will be the cost of the melon, and
z 4 3z =12.

Here « is found in two terms, having different coefficients.
(See 40.) To obtain one term having one coefficient, we
must find how many times x,are once  and 3 times xz. How
many times 2 are once 2 and 3 times 2? How many times
5 are once 5 and 3 times 5? How many times x are once x
and 3 times x? . Then, if

42 =12, by (44)

z=3.
How many times z are
4z and Tx? 6z less 27
6z |- 3z? 8z —3z?
15z 4 12z 4 8z? 18— 4z?
10z + 5z 4 = ? 15z 4 2z — Bz ?

17x — 4x + 11z — 6z 4 32 ?

45. To reduce to o single term several terms containing x,
unite in one number by (18) all the coefficients, and make the.
result the new coefficient of x.

Thus, in the equation

} x + 8z 4 T =100 — 14.
Transposing 14z by (83), =+ 3z <+ Tz + 142 =100.
Reducing (45), 25z = 100.
Dividing by 25 (44), z=4.
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In the equation
172 4 8x = 63 4 122 4 .
Transposing, 17z 4 8z — 12z — x==68.
Reducing, Tx = 68.
Dividing, z=9.

In the same way solve the following equaﬁop’; ¥ =
7 3 ™. Tz + 10 = bz 4 244 - 5. 10x=42 ——f‘h:. o

2. 5z =2z 415/~ .~ —7=383 —u=.
3 " 8. 8z 4 8 =40. 17 ¥, 8 =40 — 2.\
. 464 3=4x+17. ¥8 Tz—10=9z—36. .,
N iy vy
- y

/s
SECTION VII. /-

DIVISORS AND CLEARING OF FRACTIONS.

A gentleman, being asked his age, replied, that if his age
were divided by 3, the quotient would be 14 years. How old
was he? ‘

Let = (19) represent his age.
Then z divided by 3=14. ¢

46. To show that one number i3 DIVIDED by another, place
the sign —+ between them, instead of the words  divided by ;"
or, better, make the dividend the numerator, and the divisor the
denominator of a fraction.

Thu, 15 < 8, or 1;, means that 15 is divided by 8, x;.nd is
read “15 divided by 3.” In the second form, it may be read
“fifteen thirds.” In either case, it is the same as %of 15.
So = divided by 3 may be written indifferently, x + 3,

z %ofx, or %w So, 3z divided by 5 is the same as 3z b,
8x 3 .
?, or -EI.

3%
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47. When the coefficient of a letter is a fraction, it means
that the product of the letter by the numerator 13 to be divided
by the denominator.

5z

7,and may be read

¢ five-sevenths of z,” ¢ 5z divided by 7,” or “ 5z sevenths.”
The equation given above may then be written,

Thus, gx is the same as 5z 7, or

x 1
3= 14, or 3= 14.

h%’:lll,isxa.lone? Isgknownorunknown? Is any
part of it known? What do you call that part?

3

8 times % of z, or 42. Hence, z =42. .

If we multiply i; by 38, we shall obtain %:f, or % of z, that

Now, if %, or 1 of 2= 14, the whole of = must be equal to

4

is . Then, to preserve the equality (26), we must multiply

14 by 8. This gives, as above, z ==42. Hence,

o 48. To cancel the denominator of a fraction, multiply the

Jraction by that denominator.

z

10 s
‘What must we multiply the following fractions by, to cancel

the denominators ?

Thus, to cancel 10 in —, we multiply by 10.

2 x z
4 x x
5 15 163’
6 z x
7 13 750°
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Then, in an equation,
49. To remove a denominalor from z, MULTIPLY (26) both
members by that denominator.
Thus, in the equation %: 2, multiply both members by 5,

and we have ‘o

z =10.

Remove the denominators in the following equations :
P R
i%=5. %=8.

L -1—;—0=2. %: .

A gentleman, being asked how many shecp he had, rephed

that 2 of them added to § of them was just 62. How many
".sheep had be?

Let 2 = the whole number of sheep. Then
&_ = of the flock, and

7T
%:%«m
8z

Here « is found in two terms, with different divisors or
denominators. In order to -unite these tenns, 80 as to apply
(49), we may write the equatxon “@n

7% + -5.’1: = 62.

Tn this equation, tho cocficients of 2 are  and 3. Taking
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the sum of these coefficients by (45), we have ; + %, or, re-

ducing to a common denominator, %) + 3= g—; Hence,
8 —es Dividing by 81 (44),
. 35
% = Multiplying by 85 (49),
z=170.

Again, if it i8 required to find the valae of x, fram the
equation

uniting the ecefficients, we have = + §— %: i +31§ —6
19 -
== §ai Hem,
1:: 19. Multiplying by 30 (49,

192 =>570.  Dividing by 19 (27),
z=230.
The case is entirely similar, when = in somie terms hag in-
tegral coefficients, and in others fractional, as in

3z + %x-}- 2x +%x ==35.

Tnking thy bmn of the eoefficients by (46), we have

84 +2+3, 55—3—5. Hence,

gﬁ” —=85. Multiplying by 6 (49),
852 =210.  Dividing by 35 (44),

x=06.
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Tnstead of reducing the coeflisients of z to a common de-
nominator, and making the “result the coefficient of x, it is
usually more convenient to multiply the whole equation by
this common denominator, which in the end will be the same
thing. Thus, in t.he equatlon

.7_ + _5- =62. Multiplying by 85 (26),

102 5t 21z =2170. Reducing (45),
81z ==2170. Dividing by 31 (44),
« == 70, as before.

2z 70m 8z __ 1052
2lz;or,as;of35 is5,7willbe2x5,or10; andas%of
35is7,§willbe3 X 7, 0r, 21

In the equation
3+3—3=19. Multiplying by 30,
15z + 101: — 6z = 570. Reducing (45),
192 =570. = Dividing by 19,

z=380.
By this method, we reduce the whole equation, as it were,
to a common denominator, and then use the numerators to

complete the operation. The case is the same where the
knoum quantities contain fractions; thus, in the equation

2z

T—w=3 + 73. Multiplying by 14,
) 14z — 4a: = 7a: +108.  Transposing (33),
14z — 4o — Tz = 108. Reducing,
8z =108. Dividing by 3,
z=286.

o
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In the same my perform the following examples :

1 x——+ +15 4. x——+ +36
2. 4_3—2_"’_24 5.£+5-_—f+7.
7 5
2 x
3. x—§—14 -—'é" 6. x-}- 4 + -|-3

In the 6th example, the common denominator is 48 ; but as
the denominators 2, 4, and 6 have common factors, we may take
the least common multiple, 12, for the least common denomi-
nator. If the denominators had been.2, 8, and 6, the least
common multiple would have been 6.

Multiplying the equation z - %: i_‘” + g +3, by 12,

we have .
122 4 6 =9z 4 2x - 36. Transposing (33),
122 — 92 — 22 — 36 — 6. Reducing,
z =30.
In this example,_? X 12 = 3 f 12, or cancelling, 3
X 85 and £ x 12_1%'='2x.

This work should be performed mentally; thus, } of 12
is 3, and 8 X 3=z =9z.

In the equation 3—8{: + %:f — }llTx =28, the least common
denominator is 24 ; multiplying by 24, we have
9z - 20z — 222 = 672. Reducing,

Tx=672. Dividing by 7,
z =96. Hence,
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- 80. To remove the denominators from an equation, multiply’
each term in both members by the least common multiple of the
denominators.

Nore.—To remove the denom.inato;s, is the same a8 to clear the
equation of fractions.

_ Find the value of z in the following equations.

Lyl Sy, ¥y » 60,
2. 2 _f”;_llsz+__78 ¥ = )2
Catibla o
4 x+g—i—x=56—x—2é—x.+6+gi; _= 2l
5. bo— 2 =802 v =54,
K3 1‘1+3;—42 i: NS :
b 64_7+: 111:"'12""_‘ o :';N’ |
8. w—-243—£=§+€. S
0. 2ot 10 22=g, B2 Me_q5. 50

Make equations from the following problems :

10. A farmer sold equal quantities of corn and potatoes for
$16.00. Required the number of bushels of each, the corn
being $1.00, and the potatoes 60 cents per bushel. ¥ </

11. Charles, Frank, and Edward had 60 marbles. Charles
had 8 more than Frank, and Fr%pk hgl 17 more than Edward.
How many had each? ¥ = (¢, VW7

12. A grocer gave $96 for 8 barrels of ﬂour and 2 barrels
of sugar, paying 4 times as mruch for the sugar as for the
flour per barrel. Required the price of each per barrel.
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* 18. The difference of two numnbers is 8, and the greater
added to 9 timos the less is 83. Whas are the numbers ?

14. In a certain school, § of the whole number of seholars
study arithmetie, and 3 study spelling. There are 10 more
scholars study spelling than arithmetic. Required the nums
ber of scholars in the school, and the number in each class.

" 15. What number is that, to which if §, 3, and § of 1tself
be added, the sum will be 70? )

16. Herbert spent § of his money: in Boston, $5 more than
} of it in Albany, and the remainder, which was $25, in New
York. How much money had he ?

17. A. has a certain sum of money; B. has $12 more than
4 as much as A; C has $2 less than § as much as A; and
C has also the same amount as B Reqmred the sum each
has. 7“ v/ J

18. Multiply = by 7, divide the product by 9, add 2 to the
quotient, and subtract 24 from the sum. The remainder will
be } of the value of . What is the value of z? / ;

.

SECTION VIIL
LETTERS.

James bought a hat and a cloak for $20. He paid for the
cloak three fintes as mueh as for the hat. What did he puy
for each ? :

Let x represent the ptice of the hat. Then
84 = the price of the cloak, and
z 4 82=20. Reducing (45),
dx=720. Dividing (44),
« =15, the price of the hat,
Bz = 15, the price of the cloak, and
8 4 16 = 20. This shows the value of « to be coirect.
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Since @ = b, whit would be the voet of both, if the cloak
costs 4 times as much a8 the hat? 5 times as much ! 6 times?
7 times? 8 times? O times? 10 times? 20 times? 50 times?
75 times ! 100 times? 1000 times? any number of times as
much? 'Thus, what will = 4 3z be equal to? =z 4 4a?
z+ bzl x4+ 6x? x4 T2? 4827 =+ 9x? x4 10z?
@+ 20x? x4+ 50x? @+ T5x? x4 100x? z 4 1000x?
z -+ any number X z?

51. To express an indefinite known number, we may use
some symbol, as a or b, instead of the words “ any number.”

Thus, ¢z 4 ax”’ means an unkfown number added to any
number of times, or a given namber of times that unknown
number; and = 4 az =5 is an equation containing two such
indefinite known mumbers.

Again, if a or b stand for 1, 2, 3, 4, 5, and so on, we may
at any time restore any one of these in place of each. Hence,
the equation 4 ax=—2> may be written z 4 3z =12, =
+ 10x=183,&c. We see, then, that a or b may be represented
by any of the numbers 1, 2, 8, 4, 5, 6, 7, 8, and so on, indefi-
nitely. Can 3 be used to represent any one of these numbers ?
Can it stand for 77 for 97 .Ans. Ne. It can stand for three,
and for no other number.

52. To represent DEFINITE KNOWN numbers, we empioy
JSigures; but to represent INDEFINITE KNOWN numbers, we
use the first letters of the alphabet, a, b, ¢, d, &e;

Thus, if we were to add two definite numbers, as 6 and 8,
we might first indicate their sum, 6 4 8, and then unite them
into one number, 14; but if we were to add two indefinite
numbers, a8 a and b, we could, as before, indicate their sum
a -+ b, but could not unite thém. The indicated sum a - &
is, therefore, the only expression for the sum till each receives
a definite value.

53. An expression, composed ¢f indefinite known numbers,
é0 usecz as to indicate a result, 78 called a FORMULA.
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Thus, a 4 b is a formula for the sum of any two numbers.
a — b is a formula for the difference of two numbers.
ab is a formula for the product of two numbers.

Z— is a formula for the quotient of two numbers.

If for a and b we put any one of the numerous values which
they may represent, we may reduce each expression to a single
number. Thus, if a =10 and $=2, a -5=12, a — b

=38, ab=20,%=5.

" 54, When definite numb.ers are thus put into a formula in
place of letters, they are said to be SUBSTITUTED, and the
Jormula can then be reduced.
In the formula a — b, if we substitute 6 for @, and then
successively 1, 2, 3, 4, &c., for b, we shall have
Formula. Reduced.

6—1=5.
6—2—4.
6—3=38.
6—4=2
6—5=1.
6—6=0.

‘Which gives the greater value, 6 —10or 6 —2? 6 — 2 or
6—376—380r6—476—40r6—576—50r6—67
Here we see, that in any expression, as a — b, .

55. The greater the number to be subtracted, the less the
value of the expression. A

What is the value of the formula a — b, when we substitute
as above, 6 for a and 6 for 5?7 _Ans. 6 — 6, or by (29) 0, zero.

Now, if we substitute 7 for b, and 6 for a, will the value be
greater or less than the preceding? See (55). Then, which
is greater, 6 — 7 or 07 How can 6 — 7 be reduced? Auns.
'We can geparate— 7 into— 6 and — 1. Then the 8 — 6 will
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cancel each other by (29), and — 1 will remain a number still to
be subtracted, though there is no number from which to take it.

56. All quantities preceded by the sign —, are called NEGA-
TIVE QUANTITIES ; all quantities not preceded by the sign —,
are called POSITIVE QUANTITIES.

Thus, — 8, — 11, — 25, are negative quantities; 4 14,
- 16, or merely 14, 16, are positive quantities. Which is the
greater,6 —60or6 —77? 6 —Tor6 —8? 6 —8o0r6—97
6 —90r6—10? 8See (55). Reduce each of these expres-
gions. Then which is greater,0 or —1? —1or — 27 —2
or —37 —3or —4? Then,

§7. In negative quantities, an INCREASE of number implies
@ DECREASE of value.

Thus, —2 > —5, —6 << —38.
Write the proper sign between

— 7 and — 15. 2 and — 2.
—1 and — 3. —1and 1.
0 and — 6. —3 and 10.

Count from zero to 10. Do the numbers increase or de-
crease! Do their values increase or decrease? Are they
positive or negative? Count from 10 down to 0. Do the
numbers inerease or decrease? Do their values? Then, are
they positive or negative? Count from 0 to — 10. Do the
numbers increase or decrease? Do their values? Are they
positive or negative? Count from — 10 to 0. Which in-
crease, the numbers or their values?

58. In negative quantities, « DECREASE of number implies
an INCREASE of value.

Thus, in — 8, — 7, — 6, — 5, the numbers decrease, but
the values they represent increase. Hence,

" 59. (1) A negative quantity is one which is to be taken in
a sense directly opposite to that of a positive.
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(2.) Two quantitics, one of which is positive and the other
negative, are unequal, even though erpressed by the same

numbers.
Thus, —7 < T7and1>—1.

—_—

It will be seen, frotn the preceding sections, that questions
which we have been accustomed to perform by Arithmetic
may be performed by Algebra, but in a different way.

1. In Arithmetic, we petform all operations directly upon
definite numbers; in Algebra, we first ¥adicate the operation,
whether upon definite or indefinite numbers.

2. In Avithmetic, we obtain as a result only the number
which is found by actually performing all required opera-
tions; in Algebra, we obtain as a result a furmula composed
of indicated operations.

3. In Arithmetic, the number sought is never represented ;
in Algebra, it is always represented by some symbol, usnally a
letter, as z.

4. In Arithmetic, the answer or result appears by itself
alone ; in Algebra, it appears in ah eguation, as the eguivalent
of the symbol which was made to represent it.

6. In Arithmetic, the result does not show what previous
operations have been performed; in Algebra, a formula dis-
closes not only the result but all the operations by which it is
to be obtained.

6. In Arithmetic, definite known numbers only are employed,
and are represented by the figures 1, 2, 3, 4, &ec. ; in Algebra,
any quantity may be represented by either definite or indefinite
known numbers ; for the latter the letters a, b, c, d, &c., are used.

7. In Arithmetic, positive numbers only are used ; in Algebra,
both positive and negative numbers are employed.

8. Algebra, then, is a branch of mathematies in which,
quantities are represented by letters, and opetations are indi-
cated by signs.
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CHAPTER 11
OPERATIONS ON ALGEBRAIC QUANTITIES,

SECTION I.

REDUCTION OF POLYNOMIALS.
Definitions.

80. Any gquantity expressed by algebraic symbols, is called
an algebraic quantity.

This, a, bath, m* — u%, u®)* — 2 -} Bmp, are algebraic
quantities. .

8l. An algebralc quantity muy be either & MONOMIAL or a
POLYNOMIAL.

-(1.) A momomial consists of 4 single term} 8, a, bay,
mntas.

(2.) A polynomial consists of two or iiore terms; as, 5a
+ Bxy, mp 4 nf 4 2 4 8y

Polynomials are aleo called

3) Binomz’als’, when they contain two terms only; as,
atb x*—yt

(4.) Trinomials, when they contaits thres terms; as, a%h
+ 8¢ — 5m.

83. The terms of a polynomial may be taken together as
one term, by including them in a PARENTHESIS.

Thus, @ 4 b 4+ ¢ — d is a polynomial of four terms; but
when included in a parenthesis, thus, (¢ + b + ¢ —d), we
may regard it as a monomial, and perform operations on it
eccord.mgly

4*
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Thus, z + (a + b + ¢ —d) is a binomial, of which z is
the first term, and the quantity in the parenthesis, the second.
Son (a4 b+ c—d) expresses the product of two factors
(38), n being one, and (a + b + ¢ — d) the other.

The vinculum is sometimes used instead of the parenthesis,
Thus, a 4 86 X m’n — y represents the product of two
factors; @ - 3b being one, and m*n — y the other.

83. The terms of an aljebraic quantity are either SIMILAR
or DISSIMILAR.

(1.) SIMILAR TERMS are those which are exactly alike in
their LETTERS and EXPONENTS

Thus, a®6®, 5a?t®, and 11al?, are similar terms

REMARK.—Abstract numbers are always regarded as similar terms.

(2.) D1ssIMILAR TERMS are those which are unlike either
. tn their letters or exponents.

Thus, 5a’n and 5a*m?® are dissimilar terms.

It will be seen that two terms may be similar, and yet
‘differ in their signs, their coefficients, and in the order of their
letters. ’ '

Thus, 8a®m?, — Ta*m?, and m?a® are similar terms.

So, also, two terms may be dissimilar, and yet agree in their
signs, their coefficients, the order of the letters, and even in
the letters themselves, provided the exponents of any one letter
are unlike. Thus, 3a*m* and 3a*m® are alike in respect to
their signs, their coefficients, the order of the letters, and the
letters themselves ; but, since they differ in the exponent.s of
m, the terms are dlsmmlla.r

It is usual, for the sake of uniformity, to arrange the letters
in alphabetical order ; thus, we say amx*, not x*ma.

Reduction of Polynomials.
84, Algebraic quaniities are said to be
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(1.) RebUCIBLE when they can be changed from one form
to another without change of value ; or
(2.) IRREDUCIBLE when they cannot thus be changed.

Thus, 2a -} 3a may be reduced to 5a ; but 2a 4 3b cannot
be reduced. : :

85. A polynomial s reduced to its sitmplest form, when it
18 changed to an equivalent expression, containing the least
possible number of terms.

Thus, 4 + 6 + 9 4 12 can be reduced (13) to 31; and
2 + 5o} 2z can be reduced (45) to 8z ; but the polynomial
a + b + ¢+ d cannot be reduced. The polynomial a 4 a
-+ a - b reduces to 8a + &; here we unite the three similar
terms in one, and then annex the unlike term + 4. So,
a*b + 8a% + mn 4 x = 4a® -+ m*n 4 x.

Let it be required to reduce the polynomial 5a 4 6a — 3a
— a + 2a, in which all the terms are similar (63). Uniting
the plus terms (13), we have 5a + 6a + 2a = 13a, the sum
of the plus terms; and — 3a — a — — 4a, the sum of the
minus terms. But it has been shown (29) that a minus term
will cancel an equal plus term ; then, in the expression -} 13a
— 4a, we may regard the 13a = 9a + 4a, we shall then
have 9a 4 4a — 4a — 9a, the expression reduced to its
simplest form. .

In the polynomial 106 — 85 4 b — 656 — 35, the sum of
the plus terms is 4 115, and the sum of the minus terms is
— 175. Then -+ 115 must cancel — 114, in the — 175,
therefore -+ 110 — 170 — — 6b, the reduced form of the
expression.

From these illustrations we derive the following rule for the
reduction of polynomials :

66. (1.) Unite the similar plus terms by adding their co-
efficients, and in the same manner unite the similar minus

terms ; then subtract the less coefficient from the greater,
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talking the vesult with the sign of the greater, as the coefictent
of the common letter or letters.
(2.) To the reduced terms join oll the disstmilar terms.
Ramang.—In long examples, it is convenmient to arrange the
similar terms under each other, crossing each term as we proceed, to
prevent mistakes.
Thus, the polynomial 9x* —4y* 4 6z — mn® 4 8 — 125
T+ 40— 382 + Ty — dmn® — 2 — 8b - T — 5z 2y*
+ 6x* 4z 4+ 96 — 18 + Tmn® — 102? — 4 — 8b — Sy* — 2z
— mn?, is reduced as follows : .
+ 92 — 43 + 62 — mn® +8 -—12b

— 323 +7 — bz — 4mn® +7 + 45
—a? +7 — 8b
-+ 622 + 2 +z + Tmn® —18 -+ 9%
— 1022 — by® — 2 — mn® —4 —3b
r at 0 0 mn® 0 —105

Ans. o - mn® — 10b.

We first arrange the given polynomial as directed above.
It is well to count the terms after arranging, to be sure that
none of the original terms of the polynomial are omitted.

Now uniting the similar terms in the first column by (66),
we have 1522 — 142* = a*.

In the same manner reduce the next column. The result
18 — 9y* + 9y*, which terms cancel (29), and we consequently
omit the term containing 3* in the result.

In the third column we heve 72— 7z =0. In the same
way, — 6mn® 4 Tmn® — 4 mn®.

We then have 4 22 — 22 =—=0; and — 285 - 186 =
—106. Collecting these several results, the polynomial re-
duced becomes x* 4 mn® — 105.

Reduce the following polynomials to their simplest forms:

1. 45 + 35 4 5b — 6b.

2. Suz’z - Bar’x — az'x — Taz’x 4 1Taz'z.
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8. — Txye® 4 12 4 3zyz* — b + daye® — 13ays. -,

4. 4o’z 4 4y + ba*x — 8y — 8a’x 4 Ta’x — 6a’x — 2a%x
+ 9%’z —y. R4

5. 3ab+2c’+5aa:—-—c’+16+l4 3ax + bab + 4¢
— 4/;»".--'-5“"\[

6. 16ab 3zfz+9—5m-+9m-—3+m6 9ab + 4
— 3m® — 18ab — 82z + 6m® + 12ab +43x% — 11.

7. By + 14 — 132°% + 12 4 8% — 82y + 16%°
— 20 — o}

8. 5a* — 58 + a'y — 3a® - 28 — b’y -} Baxye.

9. 82 — Ty + Omé 44— 207 — 4y — 9 — 22" — 68
+9m‘+7m‘—9z’+12——8;y'+4z‘+10x’ 4m* | 3y
— 6 4 427

10. 19a%b*z* — 2amn® — Tbcd®* — 3abc -+ HSbed® + a’mn®
— Tabc + 6a*bc — 10 4 8amn® — Babec — 6ab*x® — Ybed®
— 6 —13a%%® + 5 + 8bed® + 9.

SECTION II.

ADDITION.

87. ADDITION, in Algebra, consists in finding a single poly-
nomial which shall be the sum of several algebraic quantities
taken together.

These several algebraic quantities may be either monomials
or polynomials. The result should always be reduced, when
possible, to the simplest form (66). This reduction, however,
forms po part of the addition ; it affects only the form, not the
value of the result.

Thus, the two monomials 6 and 4, are algebraically added
by forming the polynomial 6 4 4. This result reduced
(63, Rem.), gives the number 10. If instead of numbers, it
is required to add the letters a, b, and ¢, we shoyld form the
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polynomial @ + & 4 ¢. This is the algebraic or indicated
sum (see 53); and, as the terms are dissimilar (64), it cannot
be reduced to any simpler form.

Let the learner interpret each symbol (4), and then the
expression for the sum. Also substitute (54) 12 for a, 16 for
b, and 23 for ¢, and form first the algebraic or indicated sum,

iand then the arithmetical sum.

To add the four monomials e, a, a, a, we first form the
polynomial @ + a@ + @ + a. This is the algebraic sum; but
as the terms are similar (63), it may be reduced (66) to the
monomial 4a. In-the same manner, 3a*, 5a%, and 10a%,
when added, give 18a% as their reduced sum. But a?, 3a?,
5¢%, and 3¢*, when added and reduced, give the trinomial 4a?
-+ 58% 4 3¢

Suppose it is reqmred to add the polyriomial b -} ¢ to the
monomial a. We may indicate the sum thus, a 4 (b + ¢).
Here the polynomial is included in a parenthesis (62), and
taken as a single term. Now as b and c are both to be added
to a, when we remove the parenthesis, we join each term by
its proper sign to a, and thus form the irreducible polynomial
a4 b3 c. The same is true of all polynomials whose terms
are plus. Thus, 3a? 13a? + m? and 2m? 4 a® 4 b, give as
their sum 38a? 4+ (18a® + m?®) + (@m* + a* + b) = 8a?
+ 13a? 4+ m? + 2m? + a® 4 b = (66) 17a? + 3m?* -+ b.

In the same way we may indicate the sum of ¢ and 6 —¢,
as if each were a monomial ; thus, a 4+ (b—¢). Now if we
remove the parenthesis, and add b to a, the sum a + b is evi-
dently too large ; for it is not the whole of b, but & less ¢, that
is to be added to @. Consequently we must take ¢ from a 4- b,

" giving @ + b — ¢ for the correct regult. This is the same as
if we had- simply removed the parenthesis, and written each
term within it, with its proper sign, after a. For instance,
to add 15— 6 to 25, we may add 15 to 25, which gives a
result 6 too great, and so we must take away 6 ; thus, 256 + 15




OPERATIONS ON ALGEBRAIC. QUANTITIES. 47

—6=234. Or we may take 6 from 15, and then add 9 to
25, which also equals 34. The result is the same in both
cases, but this last method is impossible when letters are used.
* ReMARkE.—It is not .essential to employ the parenthesis; but we

may add the quantities, by simply writing them one after the other,
giving each term its appropriate sign.

Let it be required to add a*b* — m?p, 5a*blc — zy, 3xy
— 8a%%, and d — 2m?. The sum will be a%®% — m%»
—+ Ha?b*c — xy + 3xy— 3a*b*c + d — 2m*p = 3a*c — 3m*p
+ 2xy 4 d.

To add the two monomials 4a and — a, we must first return
to the origin of — a. It results (565) from the binomial
a — 2a, to which it is equal. By the previous example, we
see that the sum is 4a + @ —2a. This reduced, becomes 3a,
The same result would be obtained by writing the two mono-
mials together with their proper signs. Thus, 4a — a = 3a.

From this example it appears that addition, in algebra, does
not, as in arithmetic, always denote ¢ncrease. The algebraic
sum of two numbers often means the same as the arithmetical
difference. Thus, the sum of 10 and — 6,is 10 — 6 = 4.
The number 4 is the algebrdic sum ; but in arithmetic it would
be called the difference of the two numbers. Hence, in all
cases, to add algebraic quantities,

88. Write the quantities to be added one after the other,
giving to each its proper sign, and then reduce the result by
uniting similar terms.

1. Add zy, Txy, and — 10zy. A

9. Add T3btex, — 60bcx, + 2%, and — 168z,

3. Add — may’, 16may®, — 20mxy®, and 2mxyt— S0

" 4. Add 14«17;5.7:, — 6Ballz, — Tablx, — 3ab°.7c, 7ab5x, £ -
— dalsz, Babtz, — 2absz, — Tal’x, 3ab’x, Tallz, — ab’x,
and — 8absx. .

5. What is the sum of 6abx, — ba, —axy, and 2775 . Lv - 5‘4 -

?
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Iy 0, ) a0
6. Add 19a%, (- 3amn + éys, — am, and — Ba'z.
7. What is the sum of lbaxy, a'?*, — 2bmn, — 12axy,
— 24, 8bmn, 17, — o¥?, and Bazy + y2*? (o —Howh.-
8, What is the sum of Sallc, 1227, — Mi — 4ab'c, -
— 1627, 3y, — bax -+ 76, — abe, bz, 83, and 1Gax? ~
9. What is the sum of — 3Am, 54, 9km, and — 607
10. Add 14ax?, 385, 2z, 17y, 87, —41:‘ — 15a2*, — 12y,
+ ax?, 87, — By®, — 74, and — PR IO b
11. Add 8xyz — %', — 3xyz, — 9y‘z, + Ty,
— 64x%?*, and — y%=. Y- 5 I - * %,
12. Add 5az + 8bc, Taz + 17y, and — 3ax 4bc.fay -‘L
13. Add8abc—5a—-—5+:cyz,3a + Y
2abc + 9 — 1dxyz + 24 &nd Txyz — 2abc %c-laj?(p .e‘
14. .Add 5a® — 17 By, 4z }3a ’{Ox’ 'y + 21
8a‘—|—8.z:-—22;’y+ax,and £ -|—9" )
15. Add 9azy — 15 4 a* — ab—— 9be, bc — 8a? —Sab
+ 86 — baxy, 4a* + 4ab—5bc + m—713 ln,d 2—4a:cy
+ 8bc + 5a* + Bab. < /i 7T
16. Add 3a* +- bc%, 5a* 4 2bct, a® 4 5bc, and 6a® + 2bc*.
17. Add o + 7 + o, 3a’0® + 9, 2* + 14, 3a?* —19
— 5z% 12 — 2a%*, and 4ab* — 8 | 22°.
18. Add a®* + 86a® + a*y4, 8a*l? 4 12a* - 3a'yt, 24°5*
— 24a% + 2a%", and 8a?b* — 24a* + 8a%yt.

SECTION III.

SUBTRACTION.

'69. SUBTRACTION, in Algebra, consists in finding a single
polynomial which shall be the difference of two algebraic quan-
tities.

These quantities, as in addition, may be either monomm.ls
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or polynomials. The resulting polynomial should always be
reduced to its simplest form. .

Thus, to take 7 from 13, we should have the polynomial
13 —7=(63, Rem.) 6. Here 13 is written with its proper
gign (4 understood), and 7, that is + 7, is written after it,
with its sign changed from 4 to —. In the same way, to
take b from a, we form the polynomial @ — &, which cannot
fe reduced. Here the sign of b, the term to be subtracted,
is changed from + to —. So to subtract 2a% from 3a%,
we haveé 3a?b — 2a% = by (60) a%b.

. Let-it be required to subtract 7 + 5 from 20. It is obvious
that 7 4 5 =12, and 12 from 20 leaves 8. Now let us place
7T 4 5 in a parenthesis, and indicate that it is to be taken
from 20 ; thus, 20 — (7 + 5). If we remove the parenthesis,
and subtract 7 from 20, the remainder 20 — 7 or 13 is evi-
dently too large, since it is not 7 alone, but 7 4 5, that is to
be taken from 20. If now we subtract 5 more, we shall have
20 — 7 — 5 — 8 for the true remainder.

To subtract b 4 ¢ from a, we shall have a — (b + ¢).
Removing the parenthesis, and subtracting b, the remainder
a — b is too large, since b + c is to be taken from a. Sub-
tracting c, as above, we have a — b — c for the true remainder.
It will be seen in the preceding examples, that when we re-
move the parenthesis, the sign of each term of the quantity to
be subtracted (or subtrahend) is changed from - to —, and
written after the minuend.

Suppose we have to subtract b —c from a. Using the
parenthesis, as above, we have a — (b—c). Now if we
remove the parenthesis, and subtract & from a, the result
a — b is too small by c, since we have taken away a quantity
too large by ¢, for it is not the whole of b, but b less ¢, that
we have to take away. Consequently, we must add ¢ to correct
the error. The result a — b 4- ¢ is the same as if, without
the parenthesis, we had at once changed the sign of each term

i) D :
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of the subtrshend » — ¢ from - to —, and from — to +,
and written it after the minuend @, with the signs thus
changed.

Let a=17,5=12,and c=8; then a — (b —¢) =17
— (12 —8). Now, in arithmetic, we should say 12 less 8 is
4, and 4 from 17 leaves 13. But if we perform the operation
indicated above, by the method employed in algebra, we shall
first subtract 12 from 17 ; the result 17 — 12 or 5 is evidently
too small, for it is 12 less 8 that is to be subtracted from 17.
Hence, we must add 8, and the result 17 — 12 - 8, réduced,
gives 13, as above.

It will be seen that it is not essential to employ the paren-
thesis, though it is a very convenient way of indicating the
operations to be performed. The sign —, which precedes the
parenthesis, does not belong to any particular term within it,
but shows that the whole expression is to be subtracted.

In the above example, a — (b — ¢), b has the sign -} within
the parenthesis, which is changed to — when the subtraction
is performed. When we subtract at once, without first indi-
cating the operation, we must change the signs of all the terms
to be subtracted. Thus, if we have to subtract 3m® — 4a?
+ Bay?® from a* — 5m?, we shall have 2* — 5m?* — 3m? + 4a?
— Bay? = 5a* — 8m? — Bay’.

To subtract — a from 4a, we may take the equivalent of
— a (55 ex.), which is @ — 2a. This taken from 4a, gives 4a
i— a 4 2a = ba, a quantity greater than 4a by . We should
have obtained the same result by changing the sign of — a,
and writing it after 4a, thus, 4a 4 ¢ = 5a.

It will be seen from this example,.that subtraction, in
algebra, does not always, as in arithmetic, imply diminution.
The algebraic difference of two numbers is often the same as
their arithmetical sum. Thus, to subtract — 4 from 5, is the
Bame as to add + 4 to 5; that is, it equals 9. ~ That this is the
true difference, may be seen by counting from — 4 to 0,
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which gives 4 units, while from 0 to 5 gives 5 more, or 9
units in all.

From the foregoing examples and illustrations, we have the
following rule for subtxaction :

70. Change the signs of all the terms in the quantity to be
subtracted ; and write it, with the signs thus changed, after the
quantity from which it is to be taken, reducing as in addition.
. Subtract x — m from 5m. PERR) 2 '

. Subtract p from 7a*. / L
. From zyz take zy. . ij "\l
From 8zy subtract — ' {
Subtract — 2m?® from 8m‘ 5 1" +7 .
From an - ap subtract zyz — 60. £ 3verf N/A_ a‘-y‘j Yo
. From a?® 4 3 take &* — %'\, & ¢
. From 24x + 8yz— 12abc — 6m*np - 5 subtract 16abc
—6m’np+23z+_1/z+1"—a:y S g v Py b'“"/b'
‘-}“dQ Subtract z —y —z fromz -} y + 2 . "L’ ' ) "
/-Z’ y ¥10. Subtract 8abx — 14 — 6a® from 3abx — 14 + 6ot
11. Subtract 8a*m — z from 13a'm — 2z , + A

12. Subtract — 33* from 3a®h — 42%* + 5a® — Tay. 8

Perform the operations indicated in the following examples :

13. 48 — (36 4 2y). -

14. ab + (y.— ).

15. 17zyz + 14 — a®b — (13a% + 24 + 18xyz).

16. — 102 + 17xy — 12abm + (47abm — xy + 3am).

17. abx -} 8yz — (8yz + abx).

18. 5am — 17 — (— 18 4 2am). 26 cov-

RemArk.—Tt is often convenient to reverse the preceding opera-
tions in addition and subtraction, and return from am expression
given as the sum, or as the difference of several quantities, to the
quantities themselves from which it may have been derived.

Thus, a + b + o may have been produced by adding a, b,
and ¢ together, or by adding (a 4 b) to ¢, or a to (& + ¢), or
bto (a4 o).

PN T 0N
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As, when any quantity is subtracted, all its signs are
changed (70), we must be careful, in restoring a quantity
already subtracted, to change back its signs to those it had
at first. Thus, « —n 4 p may have resulted from sub-
tracting » — p from a, fora —(n—p) —=a—n+p. So
m+8x—y=m—(—3zx+y).

. Hence, when we enclose terms that have been subtracted in
* a parenthesis, we must change the sign of each term, and place
“the minus sign before the parenthesis.

We cannot discover from the result how many or what
gimilar terms were reduced. B3am, for instance, may have
resulted from am -+ 2am, or from 7am — 4am, or from 10am
— 8am + am, &c. Henece, we may put any number of terms
in place of a single term, provided that, when reduced, they
will be equal to that term..

Again, we cannot determine what terms had equal coeffi-
cients, and hence wholly disappeared in the result. Thus,
5am may have resulted from 8am — 8am + 5z — 3a? — 222

Hence, we may, in any result, introduce terms at plea.sure
that cancel each other, and not affect the value of the given
expression.

19. Derive a? — b + ¢ from a? and b — c.

20. What two polynomials may be added to produce 8ax ~ L;Q
—4c7

21. Let 5m®n — 3p be the difference between two polyno-
mials, and let 3z% be found in both.

-22. In the polynomial 3a*— m® + 3y — 1, make the last
three terms the subtrahend, and 3a? the minuend.

28. Separate 25ay — 8ax? 4 Tyz + mn, so that the last two
.terms shall appear as a subtrahend. .

24. Make any expression, consisting of three polynomials,

4 which, when added and reduced, shall equal a*.
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SECTION IV.
MULTTPLICATION OF MONOMIALS.

71. MULTIPLICATION, in Algebru, consists in finding a
quantity which shall be equal to any number of times a given
quantity.

The quantity thus formed, is called the product.

The quantity which is taken a given number of times, is
called the multiplicand.

The quantity which shows how many times the multiplicand
is taken, is called the multiplier.

* The multiplier and multiplicand are both called factors (38)
of the product. @

Thus, in this example, 4 X 3 = 12, we have 4 for the
multiplicand, 8 for the multiplier, and 12 for the product. 4
and 3 are factors of 12, and may be written thus, 3 X 4 =12.
Hence, it is immaterial which factor is taken as the mfRtiplier,
and whjch as the multiplicand ; the-product being the same
in either case. 4 X 3 is the indicated product, and 12 is the
" product with the multiplication performed.

In the same way, we have 5 % 6,5 X 7, b X a, or ba;
a X 5,aX6,aX borab. So the three factors @, b, and ¢
give a X b X ¢, or abe, for their product. The product of
“aya,a,andaisaX a X aXa=a*(42). Here a is used
four times as a factor, and the product is called the fourth
power of a. So b X b X b=1=5° that is the third power or of
b. d° means that d jg used five times as a factor.

72. AUl algebraic quantities are either PRIME or COMPOSITE.

(1.) A prime quantity has no other entire factor than itself
and unity.

Thus, @ 7, 18, z, and (a - m), are all prime.

o -

-
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(2.) A composite quantity contains other factors than itself
and unity.

Thus, 15 =5 X 8; Ta=T7 X a; ab=a X b; m*=m
X m; ax + bx = (a 4 b) z, &e.

ReMark,—The learner should carefully distinguish between a
composite quantity and a polynomial. Thus, abc is a composite
quantity, since it equals @ 3 b X ¢; yet it is & monomial, sinoe it
consists of a single term. But 4 - ¢ is & prime quantity, since
it has no divisor but itself and unity; and is a polynomial, since it
has more than one term.. In the polynomial 2a 4 85?4 6¢, each
term is composite, yet the polynomial as a whole is prime, since there
is no factor that will divide all the terms. .

To multiply 3a®h by 2m*nz, let us write out the factors
which compose the terms; thus, 8 X a® X & X 2 X m? X n?
X «© ==06a*bm*n’>x. We should have obtained the same result
by taking the product of 4 coefficients, and then annexing
the literal facfors with their respective exponents, arranging
them alphabetically.

To multiply Sa*ma by Ta*bm, we shall have, as above, 5 X a
XaRaXmXzXTXaXaXbXm=38babm¥z. That
is, when the same letter occurs in both factors, we give it an
exponent in the product equal to the sum of its original ex-
ponents. Thus, 2® X #* =nn X anan =ns; b.X b =1b*;
@ X 2* = 2®, &o. )

Reuanx.—Care should be taken to mark the difference between an
exponent and a coefficient. Thus, 8¢ means 8 X a, and is equivalent
to @ + a -+ a; whereas. a® means.a used three times as a factor, and
is equivalent to a X a X 4. If we substitute 5 for @, 8a =8 X5
=l ; while a® = 5% =15 X 5 X b = 125.

Hence, we have the following rule for the multiplication of
monomials affected by the sign 4-:  *

78. To the product of the coefficients, annex, in order, all
the different letters found in the several factors, giving to each
letter an exponent, equal to the sum of all its exponents, in all

the given factors.”
- s
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‘What is the product of 5z, Ta*ma®, and 2ay?

_Am. T0a'maty’.
. Multiply 3a%ty by 6ablz. . / %4 f
. Multiply 8a**z by 2a%b%x. - / .
. Multiply 8a*zy by 5abiz*ys. /3 "> j
. Multiply 9a%c'm by 9c%cim. §/aCe YmfR
Multiply amn by zy=. Pt h 7 pe
What is the product of abe, kmn, and a:cy? PEN
What is the product of y; 9mn®, and 3yz? «
‘What is the product of 14, 81‘{‘:&, and 2ax
. Multiply 8a%%* by 3. (83
10. Multiply 2a2* by 8a%. « ¢ “ CeS

LN

SOmNT Do N

SECTION V.

SIGNS IN MULTIPLICATION.

To determine what sign shall be given to the product in all
cases, let it be ebserved that,

74. With a given POSITIVE multiplicand, the greater the
multiplier, the greater the product ; and the less the multiplier,
the less the product.

Thus, 5 X 4 =20; 5 X 5=25; 5 X 3 =15, &e.

Taking, then, any number, as 4, for a multiplicand, and any
other number, as 3, for a multiplier, we have

4x3=12.
4x2=_8.
4% 1=4
4 X 0=0.

It will be observed, that as the multiplier decreases succes-
sively by a unit, the produet decreases by 4, that is, by as many
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units as are in the multiplicand ; and also, that the products
from 12 down to 0 are positive. Hence,

75. A positive quantity, multiplied by a positive quantity,
gives a positive product.

Now continuing to diminish the multiplier as above, we
shall have

4% 0=0.
4 —1=—4.
4 —2=—38.

4 X —3=—12.

Here the same law still previils; that is, as the multiplier
decreases by a unit, each product is 4 less than the preceding.
If 4 is multiplied by 1 less than 0, or —.1, the product must
be 4 less than zero, or — 4 ; and so on in the successive pro-
ducts. Hence, .

76. A positive quantity, multiplied by a megative, gives a
negative product.

Since the value of negative numbers decreases, as the num-
bers themselves increase (57, let it be observed that,

77. With a given NEGAT®E multiplicand, the greater the
multiplier, the less the product ; and the less the multiplier, the
greater the product.

Thus, — 5 X 4 = —20; — 5 X 8 = —15, a number
less than — 20, and hence representing a greater value (57);
— 5 X 5=—2b, a number greater than — 20, and conse-

quently less in value.
Now taking any negative quantity, as — 4, for a multipli-
cand, and taking 3 as a multiplier, we shall have

—4x3——12
—4 X 1=—4.

—4)(0:0. -
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Here, as the multiplier decreases successively by a unit, we
find the product increasing by 4, the number of units in the
multiplicand. Indeed, it is obvious that 3 times — 4 must
give a less value than 2 times — 4. It will be observed that
all these successive products are negative. Hence,

78. A negative quantity, multiplied by a positive, gives a
negative product.

Now continuing to diminish the multiplier, as above, we
shall have, by the principle in (77),

—4X—8=12.

Here, as we multiply by — 1, which is a multiplier less
than 0 by a unit, the product, as above, olight to be 4 greater
than the preceding; that is, 4 greater than 0. So, if we
multiply by — 2, a multiplier less than — 1 by a unit, the
product must be 4 greater than the preceding; and so of all
the rest. It will be seen that all the products, from 0 to 12,
are positive. Hence,

79. A negative quantity, multiplied by a negative, gives a
positive product.

It will be seen, (76) and-(78), that the products are nega-
tive when the signs of the factors are unlike ; and, (75) and
(79), that the products are positive when the signs of the
factors are alike. Hence, we have the following simple rule
for-the signs in multiplication : \

80. When the two factors have like signs, that is, both + or
both —, the product has the sign + ; but when they have dif-
- ferent signs, that 13, one -+ and the other —, the product has
the sign —. ' S

1. Multiply 5ab by 3a. — £~ /o4 p b i
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. Multiply — 6zy by 3z.

Multiply 7m*s by — Samn.

. Multiply — a by — b; + a by —b.

Multiply — a by + &; +aby+b

. Multiply maz by — b.

. Multiply — 7 by a?bc*.

. Multiply — 8a? by — 5ab.

What is the product of 7,’mn? and a?

10. What is the product of 5py, Tz, and 2ap?
11. What is the product of 3a*b’cd?, 5, and a*b*cd’z?
12. Multiply together a, — 25, 3¢, and a®.

13. Multiply together — 5, m, m?, 3, — m?, and 4.
14. Multiply — 2amn by Txy.

15. Multiply together =, — xy, zyz, and — ax

COTDO WD

)
[ ]

SECTION VI
MULTIPLICATION OF POLYNOMIALS.

To indicate the multiplication of a polynomial by a monomial,
we may include the polynomial in a parenthesis (62), and re-
gard it as a single term. Thus, (a + b) X ¢, or (a + b)c,
indicates the product of @ 4 & by c. To perform the multi-
plication here indicated, we must multiply @ by ¢ and b by ¢,
and then add the results. Hence, (a + b)c = ac + be. ’

If 6 + 4, or 10 be multiplied by 2, the produect will be 20;
or, a8 above, 2(6 4 4) =2 X 6 4 2 X 4 =12 4- 8 =20.

To indicate the product of a — & by ¢, we have (a — b)c.
Here we must take ¢ times a, and then subtract ¢ times b,
since it is not @, but @ less b that we multiply by c. Hence,
(e — b)c=ac — be.

If12—17, or 5, be multiplied by 3, the product will be 15; or,
(12—7)8=12 X 8 —7 X 83 =386 — 21 =15, as before.



L ]
OPERATIONS ON ALGEBRAIC QUANTITIES. 59

To indicate the product of one polynomial by another, as
a + b by ¢+ d, we include each factor in a parenthesis;
thus, (a + b) (¢ + d). To perform the multiplication here
indicated, we first multiply a + & by ¢, and then by d. The
separate results, called partial products, are then to be added
together, since we multiply by ¢ plus d. Then (a + 3) (¢4 d)
= (a4 b)c+ (a + b)d =ac + bc + ad + bd.

If we multiply by ¢ — d, we must subtract (a + b)d, since
we take @ - b not ¢ times, but ¢ less d times. Thus, (a + b)
(c—d) = (a+ b)c —(a 4 b)d = ac + bc — ad — bd,
changing the signs of the quantity to be subtracted by (70).

5 4 83 =8 multiplied by 6 + 4 =10 equals 80; or, as
above, we shall have (5 + 3)6 4 (5 + 3)4=(30+ 18)
+ (20 4 12) =48 + 32 =80

So (5+48)(6—4)=8X%xX2=16, or (643)6—(5
+ 8)4 =(30 4+18) — (20 4+ 12) =30 418 — 20 —12
=16.

a— b multiplied by c — d, or @ — ) (¢ — d) = (@ —b)e
— (a —b)d2=ac—bc—ad 4 bd. Here we multiply a
— b by c, and then subtract d times (@ — b).

So (10 —7) (6 —8) =3 X 2, or 6 or, as above, (10—7)
5—38)=10—7)5—10—"T7)3=50—385—30 {21
=71 —65=6.

Hence, it will be seen that, in the inultiplication of poly-
nomials, we simply multiply each term of one factor by each
term of the other; that is, we really multiply monomials by
monomials, following the rules in (73) and (80) for the expo-
nents and signs, and then unite these partial products.

As the multiplication will gften give rise to similar terms,
which must be reduced, it is convenient to place the factors
under each other in multiplying, and especially to place the
similar terms in the partial products under each other, as in
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the following examples, where 4a* — 16ax - 32* is multiplied
by 5a® — 2d’x :
4a* — 16ax 4 322
, 5a* — 2ax .
20a* — 80atx 4 15a%2* Prodnct by ba®.
— 8a‘z 4 32a’z* — 6a’z* Product by — 2a%z.
20a® — 88a‘z + 47a'z* — 6a*z* Sum of partial products.

We have, then, the following rale for the multiplication of
polynomials :

81, Multiply each term of the multiplicand by each term of”
the multiplier, observing that like signs give 4, and unlike
signs give — in the product.

. Add together the partial products, and reduce the simidar
terms

1. Multiply 2 + 2y + y by x — a2y + 3.

zt+ay+y
T4y @ }
@+ 2y + xy . !
—xy — oy —ay’
+ay T+ 9
a? 4 2xy — xty' + . Ans. )
2. Multiply @® + a*y + ay* + »* by a —y.
ot + oty ay + o
a—y
“ @y + o+ af
— aly — aly? — ay — g
at—yt.  Ans.

3. Multiply cd + b + ¢ {® 4 z by ab.
4. Multiply 5axz 4 1 + 3z — y by aa®.
5. Multiply b 4 ¢ + 8 by & — ¢ 4 10.
6. Multiply 4bx + 2b* 4- 5 by 3z — 7.
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7. Multiply a*x — 4 — x by — ax.
8. Multiply a* — ba® — xy* by cman.
9. Multiplyx 4y 4 zbyxr—y—=.
10. Multiply adz -4 cm by 1 — 532
11. Multiply a + 5 4 2 by a —xz —b.
12. Multiply a® — 8* by a® + %
13. Multiply a* + 2% + 2%* + xy* + y* by — y.
14. Multiply a® + @ — 6 by 2a* + a + 1.
15. Multiply a? + a* - a® by a* — 1.
16. «Multiply a* — 2a% - 4a?b* — 8ab® 4 16b* by a 4 2b.
@ 17 Multiply 2 + 60" — & by =* —a.
18. Multiply 2a* — 3az + 4x? by 5a — 6a’2? — 2z.
19. Multiply 16a*m 4 3a? by — ay -+ 4m.
20. What is the product of z? 4 3* — 7 by z — g.
21. What is the product of 3a + 5 — 28 by ba 4 2b* — 5.
22. What is the product of a* — 2ay 4 y* by a — ».

SECTION VIL

COMBINATIONS OF FACTORS.

In algebraic operations, it is frequently very convenient to
use the indicated product; that is, the product in which the
factors are not involved with each other, but are kept separate
and distinet. In all such cases, each polynomial factor must
be included in a parenthesis. Thus, @ + & - ¢ multiplied by
d would be (a 4+ b 4 c)d. If the parenthesis were not used,
we should have a 4 b 4 ¢ X d=a -+ b + cd, instead of,
as above, ad + bd + cd. (m 4 n) (p + g)=mp + np
+ mg + ng; while m +n X p4+g=m -+ np+g. So,
to multiply @ + b + ¢, 7, m 4+ n, and x* — y* together, we
should indicate the product thus, 7(a + & - ¢)(m - n)
(2* — ?), it being generally preferable that the monomial

6
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factors should precede the polynomial. 8o, again, (x - y)
E+y)=E+y)=+2zy+ 3"
In performing the multiplication thus indicated, we may
put the indicated products equal to the developed, or we may
multiply as in the last section. Thus, (a 4 b + ¢)(m —n)
=(@+b4+cm—(a+bdb4c)p=am+ bm+4 cm—an
— bn — cn.
In the same manner, indicate and then perform the multi-
plication in the following examples :
1. Multiply ad 4z —1 4 a by zyz. - .
2. Multiply bcx — 16 by ac 4 mz.

. Multiply 5z 4 b by 3z — 3 and by 52*.

Multiply « + 20y 4y by z — ».

. Multiply 5 + 8* —e by a* —m.

. Maultiply 13a’y — 12z by y — 1.

Multiply m* — n + = by 4a* and by 5mn — 2.

. Multiply 3y by «* — 3?, by 2b, by 3* -+ 4.

. Multiply @ + & by @ 4 b and by a + b.

. Multiply a — & by ¢ — b and by a —b.

The following examples are of frequent occurrence, and the

results should be committed to memory.
- Multiply @ 4 & by a —b.
a +b
a—b
o Jab
—ab—¥?
a* — b

Now a -+ b is the sum of the quantities (58) a and b, and

= R - < Y

—

a—b is the difference (53) of the same quantities; their .

product a* — & equals the difference of the second powers of
the same quantities. Hence,

82. The sum of two quantities, multiplied by their difference,
gves the difference of their second powers.



OPERATIONS ON ALGEBRAIC QUANTITIES. 63

Thus, (2a® 4 5bx) (2a® — 5bz) — 4a% — 255%*.
Indicate and then perform the multiplication in the follow-
ing examples, by the preceding rule:
11. ¢ 4 d multiplied by ¢ — d.
12. a 4 12 multiplied by a — 12.
13. m — 1 multiplied by m - 1.
14. a* 4 1 multiplied by a>— 1.
15. 8m + 5a multiplied by 3m — ba.
16. 24w F 5y multiplied by 2az* — by.
17. 45 —P’ﬁm’ multlphed by 45 — 6m. . .
Yultiply @ « 5 by a 4 . :
Y v
LR
a+b
@ Fab
ab 48
a? 4 2ab 4 b

a + b is the sum of @ two quantities a and b, and (a -+ b)
(a4 b),0r (a4 b)is ‘the second power or square of the
same quantities. But (a@ + ) = a? 4 2ab 4 b?; that is, it is
equal to the second power or square of a, | twioe the product
of a and b -} the square of 5. Hence,

83. The square of the sum of two quantities vs equal to the
square of the first, plus twice the product of the first by the
second, plus the square of the second.

. Thus, (2a 4 35%)* = 4a? 4 12al* | 9b*.
n the same way perform the followmg examples :
EIS (z +3/)’)2( 417y *2 - (bz 4y

19. (m + 2n 24. (bx* + ).

20. (a4 1piie 2t 25 (ma4- TR

21. (1 4 mo)2 26. (22° 4- 102)%. |

22. (4a 4 6). 27. (6p'y 4 8an®).

b
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‘What is the square of a — 7

a—b
a—b .
a?— ab

—ab 40
P

We see, then, that )

84. The sgquare of the difference of two quantities vs equal
to the square of the first, minus twice the product of the first
by the d, plus the square of the second.

Thus, (bax® — 7p).’ = 25a%z® — T0apz® -|- 49p%.

It is generally easier to multiply twice the first term by the
second ; thus, twice 5az* = 10az®, and 10az* X Tp = T0apa®. ~

In the same way perform the following examples

Aoy
28. (z—y)" Y=179 4 ?-33 a— mx)abfz/- 5
29. (m —”)’2‘: b 7-42 nthy 4. (5m2 — 8y 2 37 4‘5;

30. (2a—p)’.,a2' THL 85 gf2ab— dayls* i/ % S
81. (ay —8)*¥ .. ér/ 4 5 LE(; (m’x—9z)’7'7“ ‘7
82, (a— el Ja £ / T. (Tabt — 12 s ¥ Y4 ,ﬁ

. SECTION VIIL
DIVISION OF MONOMIALS.

85. DrvisioN, in Algebra, consists in jfinding how many
ttmes a given quantity, called the divisor, i8 contained n an-
other given quantity called the dividend.

The quantity thus found is called the gquotient.

Division is the reverse of multiplication. It comsists in
separating a given product into two factors, one of which is
‘given, and the other required. Thus, to divide 63 by 7, we
separate 63 into two factors, one of which is 7, and the other

L3
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must be 9, since 7 X 9=63. 8o 5ab—-a, or 51,:51)

a
because 5b X @ = 5ab. Again, 15a®m®n —- 3m*n = 5%,
since 3min X 5a® = 15a*m*n.. That is, we drop from the
dividend all the prime factors (72) of the divisor, and write
the remaining factors as the quotient.

) .
To divide a® by a? we have %;: —a Now dropping

the comion factors, aa, we shall have aaa = a® for the quo-
tient. Hence, when the dividend and divisor contain powers
of the same letter, the exponent of that letter in the quotient
will be found by subtracting the exponent of the divisor from
that of the dividend. Thus, a*m®n® = a*m®n=— am?n’.

If any quantxty be divided by itself, as a by a, am® by am’,
&ec., the quotient is-simply 1.

;.? To determine the sign of the quotients, we have-only to
20b:

serve that the quotient multiplied by the divisor should
reproduce the dividend with its sign. For instance, - ab

f 75/
,é)‘,?thﬁ—b or —a X —b. Hence_:_— =-+05, and
L
e _ b. If these quotients were otherwise, if the first,
— a
for example, were — b, then the product of — b by + a would
equal — ab (sce 80), which is not the given dividend.
As —ab=—a X + b, or 4+ a X —b, it follows that
—ab —ab . .

= o= — b
— -+ &, and ot
b
Examining these results, we find that _:_a = —|— b, and
—a_ +b; henée, like signs in the divisor and dividend
i

_ab=—b,and =+ ab

give - in the quotient. And since

== — b, it follows that unlike signs give — in the quotient.
6* E
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Hence, we have the following rule for the division of
monomials.:

86. (1.) Divide the coefficient of the dividend by that of the
divisor, and annex to the result in their proper order all
letters found, in the dividend and not in the divisor ; also all
letters common to both, giving such letters an exponent found
by subtracting the exponent of the divisor from that of the
dividend. If the exponents are egual, omit the letters in the
quotient,

(2.) If the signs in the dividend and in the dwwor are
ALIKE, the quotient must have the sign —-; if UNLIKE, the
sign —.

Thus, 36a’btxy divided by — 9amacy = —4a'bm-

. Divide lSabmx’ 9aba?.~

. Divide 27a§c'm y 3bc,x 75;. ‘g:

. Divide abx by aba.

Divide 39az by—13z A y
. Divide 108méntz by — 12m*z.”~ - * "~

. Divide 36a*z* by — 9a’z%ys. &

7. @ivide — 8a# by 8a%*-] ' 3

8. Divide — 12am®n® by 4m#¥. « = I .

9. Divide — 28a'd*m*n'p?® by Ta*msph > " - 5

10. Divide 81abc? by 9abct+ 9

11. Divide — 81adc* by — 9abe’.}';

12. Divide — ay#® by — xyz*4- |

13. Divide zy2* by —ays*.— 'a . ]

14. Divide — 82ac'dy® by — 4ay’ SOl .' s

15. Divide — 27ab’zy’z by 9abx. — - - (0

16. Divide a* by a®; by —a®.> , ~~ .

17. Divide — a*d by ad®; by —ad®. « <’
- 18. Divide 16a'd‘s® by — 4a*d®2?. - .

19. Divide — 89a*m?y* by 13a’m¥P— ;7 - /r* [, .

20. Dividle —40mnpy* by —5m. ' ,. . -

- R N U
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87. Any algebraic quantity s .

(1.) DIVISIBLE, when it contains all the prime factors of
the quantity by which it s divided.

(2.) PARTIALLY DIVISIBLE, when it has prime factors in
common with some of those in vts divisor.

(8.) INDIVISIBLE, when it has no prime factor found in
tts divisor.

Thus, 15a%c is divisible by 5ac, since the factors 5, a, and
c are contained in 15a%c. Cancelling the common factors,
we have 8ab for the quotient.

Again, 21a®be is partially divisible by 7a*mn, for the factors
7 and a® are common to both. Hence, cancelling the common
factors, as above, we shall have 21a%c __ 3abe

T*mn  mn

But 39a™n is not divisible by 14p%, since 89a*m and 14p%y

have no factor in common. The division may be indicated by
. 39a*m

a fraction; thus, Tipy

88. Two quantities, having no factors in common, are said
o be PRIME to each other. .

Thus, 39a*m and 14p%, in the last example, are prime to
each other. )

In the following examples, indicate the quotient in the form
of a fraction; which must be reduced, if possible, by striking
out the common factors in the numerator and denominator.

Thus, a divided by — az = —2— = — X (86 (2)).

E
21. Divide 16ab by 4.
22. Divide 15a3* by 5
23. Divide bad by 3z LT .
24. Divide — 5a® by 5% %y —bar. . ~
25. Divide abm? by dabm®. ‘¢~ '

. Divi —b; b~ 47 -
26. Divide a by ; by 4+ e
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g 4
27. Divide — 9aa?® by 42*; by — 4a*.— "%, %,
28. Divide — 120%cd by — 3bex. _ < £402
;Lﬂzq. Divide — 7ab* by — ba; by 5a.- ¢

f{. }5 80. Divide 7al? by —5a; j by ba. .- ¢ . 2. .
. 81. Divide ab by abe’. LE. /. 34
32. Divide 5m*n? by 5ab%int. '/
33. Divide 18ax by — 6xy®. - =, -
o (-, ~ 84. Divide ab by 3cd. ST L
5¢% 35, Divide — 1008 by A (et — a9

ReMARK.—The relation of the dividend, divisdr, and quohent to
each other, is such that

(1.) The product of the divisor and guotient is always equal to the
dividend.

(2.) If the dividend alone be multiplied, or the divisor divided by
any number, the guotient ‘will be multiplied by the same number.
Thus, 18 + 6 =38; but (18 )(2)—*-6—3)(2 and 18 + (6 + 2)
=8 X 2 also.

(8.) If the divisor alone be multiplied, or the dividend divided by
any number, the guotient will be divided by the same number. Thus,
24+ 8=8;but 24 + (8 XX 2)=8—+2; and (24 +2)+-8=8+2

(4.) If the divisor and the dividend otk be multiplied by the same
number, the guotient will be unchanged. Thus, 12-:-4=38, and
(12X 5) + (4 X 6) =38 also.

(6.) If the divisor and the dividend otk be divided by the same
number, the quotient will be unchanged. Thus, 20 +-10=2, and
(20 = 5) -+ (10 -+ 5) =2 also. o

SECTION IX.
DIVISION OF POLYNOMIALS.

When the divisor or quotient is a monomial.

If we have as a dividend, the product of &+ b — ¢ by d, that
is, (@ + b — ¢)d, and the factor & be given as a divisor, the
quotient must be the other factor'a 4 & — ¢. On the contrary;
if a 4 b — ¢ be given as the divisor, the quotient must be d.
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If, instéad of the indicated product (a + b — c)d (see
Sec. V1.), we have the developed product ad - bd — cd, a
mere inspection of the terms will show us that the monomial
factor is found as a factor in each term. Hence, to divide a
polynomial by a monomial,

89. Divide each term of the dividend by tlw  divisor, as in
the division of monomials.

Thus, 18a% + 15a? — 21ab divided by — 3a, will give for *

the quotient, — 6a*x — 5a - 7b.

. Divide — 16ab — 8a by —8a. < = L/ 5

1

2. Divide 10aa® — 1522 by — 5%, — 2 @ X7 P ¢

3. Divide a*d*c* + ax — a*dz® by ax. ., /% "77/ P P ,
4. Divide a’d —a 4 adbya. ool —~,/ &£ .

5. Divide 6ab 4 12ac — 18adgy —6a. . -~ &l @ 4 o~

6. Divide 162 — 8 - 12y* — 20ady + dm by 4. 4y, .. »’.’7'

7. Divide — 28abm — 14b*m* — 49*max by Tbm. __ heo o

8 s T
9

10. Divide 27a’d — 9ad by 9ad. 2 __,'/ ‘

If, instead of the monomial facbor, the polynomial shonld be
the divisor, since the former is a factor in every term of the
dividend, we have only ¢o divide any term of the dividend by
the corresponding term of the divisor.

Thus, if @ 4 & — c be the divisor, and ad 4 bd — cd be
the dividend, we may divide either ad by a, bd by b, or cd by
¢, and in each case obtain the same quotient d. It will, how-
ever, be sufficient to divide the first term of the dividend by
the first term of the divisor; and then ‘proye the quotient to
be correct by (88, Rem. 1) Hence, we have the followmg
rule:

90. Divide the -first term of the dividend by the first term
of the divisor. The quotient will be the otherfactor of the

dividend.

i

. Divide — 122%* 4 18a% by — 6a*. /(¥ . .

E

. Divide 3abc + 12ab*z — 9ab by 8ab. & * 4 —Je

P

¥

/

“7‘.
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REMARE.—The termg of the dividend and of the divisor must be
arranged in the same order.

8a? — 2ab is divided by 8a — 25 as follows :

8a* = 3a = a; and since (8a — 2b)a = 3a* — 2ad, a is-
the required quotient. )

11. Divide 120® + 6ab by 4a + 2B. .. ‘v

12. Divide 18a* 4 6a% — 12a%x by 6a -+ 2b — 4= ..

13. Divide 14ad* 4 21ac - 49az by 2&* 4 8¢ - 7a:))c4_

14. Divide — 10a? 4 Sax by 2a —z. — 5 -~

. Divide 3a® — 2¢d by — 8a* + 2¢d. — /
6. Divide ab®* — b*c by a —e. .

When the given polynomial divisor is not exactly contained
in the dividend, we must indicate the division in the form of a
fraction, as in the case of gonomials. See examples under (88).

Divide @ + b by ¢ —d. , Am.:+3.
‘4 - -
17. Divide 8a 4+ b—cby m + 5. * = -~ Gem :

18. Divide 172y —m 4 7 by a 4-10. // ’x-;-%*/
19. Dividea—7 4+ mbya -+ 5.4 —-‘7}%8_4—/0
20. Divide z* — —ybym' + r‘;;

-
o~

2
.~ .
J/L ~n L

. SECTION X.
DIVISION OF POLYNOMIALS.

When the divisor and quotient are both polynomials.

If we have, as a dividend, the product of @ + b by ¢ 4- d,
that is, (¢ + b) (¢ 4- d), and the factor a~} b be given a8 the
divisor, the quotient must be ¢ + d; or, if ¢ 4 d be given as
a divisor, the quotient must be a - b.

Now, if the partial ‘products were given, and one of the
factors, as a - b, we should have (a -} d)c 4 (a -+ b)d.
Dividing each term by (a -+ ) as & monomial, we have the
quotient ¢ 4 d.
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Again, if the developed product were given, the case would
be no more difficult; for (a + b)c and (a 4 b)d would give
ac 4 bc -+ ad 4 bd; and, by inspection, we see that ¢ is a
monomial factor in the first two terms, and d in the second
two. Hence, dividing the first.two by a 4 & (90), we get ¢,
and the second two by the same, we have d that is, ¢ | d.
This, division may be represeunted” thus,

ac+bctad+t+bd|a4b Divisor.

ac + be c+d Quotient.
0 0

ad + bd
ad 4 bd

By (90), we divide the first term of the dividend by the
first term of the divisor, writing ¢ in the quotient ; then multi-
plying the divisor by ¢, we obtain (a 4 b)c = ac -} bc, the
first partial product. This subtracted by (70) from the divi-
dend, leaves ad - bd, the second partial product. Dividing
again, as in (90), we get d, and multiplying and subtracting,
as before, we exhaust the dividend.

When the developed product results from various reductions
of similar terms, the case is more difficult. Thus, to divide
a*— b by a - b, we know (82) that the other factor or
quotient is @ — b, and that the dividend is (a 4 b) (¢ — 8)
= (a + b)a— (a + b)b = a* } ab— ab— b* =Dy (66) a?
— 8% If we had kept the forms (@ 4 b)a — (a + b)b, or

a® 4 ab — 0%, the case would not differ from the pre-
ceding. us,
No. 1. No. 2.
a4 ab—ab—b= a*—b |a-+b Djvisor.
at -} ab = a'4ab a—b Quotient.
0o 0 0

T —=—ab—b
—ab—¥% —ab—b
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In No. 1, a® -} ab is the first partial product; in No. 2,
ab is dropped by (66). But as the first term, a? remains in
both, we have only to divide this (90) by the first term of the
divisor. Placing the quotient a as the first term of the
quotient, we multiply the entire divisor by it, and thus obtain
the whole partial product (a 4 b)a = a® + «b, the last term
of which was lost in réduction. Subtracting this by (70) from
a* —1?, we have o — 0* — a* —ab = (66) — 0* — ab, the
same. in No. 2 as in No. 1, except the order of the terms is
changed. To preserve the same order as in the divisor, the
term containing @ should be placed first, thus, — ad— &
Dividing again by a, the first term of the divisor (90), we
have — b. Multiplying and subtracting as before, we exhaust
the dividend.

From these illustrations, we have the following rule for the
division of polynomials :

91. (1.) Arrange the divisor and dividend alike, that 1s,
according to the powers of some letter.

(2.) Divide the first term of the dividend by the first term
of the divisor for the first term of the quotient.

(3.) Multiply the whole divisor by the first term of the quo-
tient, and subtract the product from the dividend ; the remain-

+~der,arranged like the divisor, will form a new dividend.

(4.) Divide the first term of the new dividend by the first
term of the divisor ; the result will be the second term of the

wotient.
! (5.) Multiply the whole divisor by the secont”n of the
quotient, and subtract the product from the last dividend for
a new dvvidend, and so continue till there 1s no remainder.

ReMARK.—AS, in"every case, we simply divide a monomial by a
monomial, the rule for signs in (86) must be observed. In subtract-
ing the partial products, change the signs, as in (70).

Thus, — 3az? — 8a’z + a® - z* is divided by = 4 @ as
follows :



OPERATIONS ON ALGEBRAIC QUANTITIES. 78

- @ —8a%x—3axr + 2 {2 L2

LA R e
— 4a*x — 3ax® + 2*
—4a*x — 4ax®
+ ax* 42
+ ax*4-2*

0

In this example, we first arrange the dividend and divisor
according to the powers of a. The divisor is placed at the
right of the dividend, and the quotient, for convenience,
beneath it. Dividing a® by a, we have a* for the first term
of the quotient. We then subtract (¢ + x)a* from the divi-
dend, which gives — 4a*xz for the first term of the new divi-
dend. Dividing, as before, by a, we have — 4ax for the
second term of the quotient ; and subtracting — 4ax (a + x),
we obtain - az? for the first term of the last dividend;
dividing this by a, we have z* for the last term of the quotient,
since (a | x)2* is equal to the last dividend. .

b + ¢ is thus d1v1dedby b+4c:

. b +4c
oot {H
T—bet S
— b% — bc?
Forto
e
0
1. Divide a* 4+ ab +ac+ 5a 4 56 4 bebya 4 b+4c 2 5~
2. Divide a®* —6a 4 ab—ac 4 6c—bcbya—ec. *© 4 -
8. Divide — 3m*zy — 2m’a:+6m'x+mzy+2m-—wy
by 2m — . {
4. Dlvxdem’+z'+a:’y+ay+3xz+3zbyz+l
8. Dividea 4 b—c—ax —bg+ca:bya+b—c
7
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6. Divide a® — 3a%y — y’+3ay’bya—yc ./(‘;'ka
7. Divide 4a’—[i 8acm -+ 4a’c + 3c'm -—4a*m — Scm? by
adc—m. ‘) BN
8. Divide 5m® — 2myz — dm*n -+ 2nyz -+ Sm’z — 2y2*
bym —n+ 2. P L

9. Divide a* — y‘byari—y. 753)1‘" i v g 7'7

10. Divide a*— & bya 405 .. "_. . - ol < I

11 Dividem“+n“bym—|—n val, ot 4

12. Divide 2* — 1 by x — oy e

13. D1v1de1+x“by1+x/ ;72“ —yd, :
2., ea- 14. Divide 2a%% + 3al® — ab® 4 b%c 4 b*x — 8aib — 2a%
+ a® — abc — ax by 3ab 4 2a*c —a 4 bc + .
~15. Divide —lﬁa’my 3a’dy—[— 64am’+ 12adm by 16am
+8ad. = [
_+.16. Divide B 80— 144 4 96bya—12. F- i
-, & , 17. Divide 3a* — 33a%* + 14a%}* + 16a*b by o + Tab.
§a 218, Dwxde:z:'-|—9:c’+4x—80bya:+5 . A
. 19. Divide— 16 by ¢ —242.. 6 — ..o = T, by
20. Divide a’z v bw + 8z — at A byt — 8y' byz—gt A
~C s

SECTION XI.
SEPARATING COMPOSITE QUANTITIES INTO FACTORS.

The prime factors (72) of a product are easily ascertained
when the multiplication is only indicated ; but for the most
part, they disappear when the multiplication is performed.

Thus, in 3 X 5 X 7, the factors 3, 5, and 7 are at once
seen; 8o in abc, a®m’p. But in 105, or in ¢® — 1, little or no
trace of the factors can be discovered. It is often necessary
to réturn from a developed to an indicated product, that is, to
separate a product into 13; factors.

-
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(a.) Monomials. In monomials composed of letters alone,
we can have only an indicated product, and the prime factors
are readily discovered by mere inspection. But in monomials
containing coefficients, it is often necessary to resolve the oco-
efficient into its prime factors. Thus, in 36a*m®y, if we divide
successively by the prime factors 2 and 3, we shall have 36
=2X2X3X8=2"%X 3. Then86aimly—=2% 2 X 3
X3XaxXaXmXmXmXy=2X3"X a* X m*Xy.
Hence, to-resolve a monomial,

92. Separate the coefficient into its prime factors, and after
these, write in order the letters, guzng each its proper exponent.

Nors.—The learner should be carefal to separate the coefficient
into prime factors. Thus, 4 X 9, 3 XX 12, 2 X 18, and 6 ) 6, are all
factors of 86, but 2 and 3 are the only prime factors, To ascertain
the prime factors, begin, as in arithmetic, and divide euccessively by
the prime factors 2, 8, 5, 7, 11, 18, 17, 19, 28, 29, &c., repeating
the division by each, when possible, till the given number is resolved.

Thus, to separate 520a%c* into its prime factors, we have
520 Here 2 X 2 X 2 X 5X 13 =28 5% 13

2(260 = 520.
21180 The prime factors then are PXO5X1IXa

5|65 XbX e ;L (X RS
13]13 124
1 3
Separate the following monomials into their prime factors ;
1. 81a%. - %(0_4/ * Ty, 6 104%d.
2. 24mM. §5* 3¢ 7. 121d4
3. 52xy*. 8. 637y,
4. T2a*m*ns. , . 9. 62bapx.
5. 96az. 10. 130m®na’y.

(8.) Binomials. Most binomials are inseparable ; as a -}- b,
ax - be. Baut, in general,
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93. Any binomial may be separated into factors,

(1.) When both its terms contain a common monomial
Jactor,—

(2.) When it 13 the DIFFERENCE of ANY similar powers, or
the 8UM of similar ODD powers of two gquantities.

(1) 9a'm 4 18am?® = 9am(a + 2m) = 3'am(a + 2m).

; Here we divide each term by the greatest monomial factor 9am,

1 which is readily ascertained by an inspection of the terms. The
other factor is a binomial @ 4 2m, which must be included
in a parenthesis. .

@2)a—8=(82)(a+bd)(a—b);amd (&*—1)=(a
+ 1) (a—1), since the 1 in (a® —1)=1% It must be
remembered that all powers and all roots of 1 are 1.

m* —m by (93 (1)) =m(m* —1) =m(m —1)(m 4 1).
Again, a® — 8* will be found, by trial, equal to (a — b) (a*
+ ab 4 8*); and a* + B* = (a + b) (a®* —ab 4 ¥*); and,
in general,

94. The difference of any similar powers s divisible by the
difference of the quantities ; and the sum of similar odd powers
by the sum of the quantities.

Thus, a® — 3%, a* — g, &c., are each divisible by a —y,
while a® 4 32, a® + 3%, o' + ¥, &c., are each divisible by a
+3. |

The binomial a* — ¥ = (82) (a* + ¥*) (a® — b*) = (a?
+ ") (a + b) (a — b), since a® — b* = (a + b) (a — ).
So m* — m =m(m*—1) = m(m* + 1) (m* — 1) = m(m?
F1(m41)(m—1). o8— b= (82) (a*+ 1) (@*— 1Y)
=(94) (a+b)(a®—ab+4 ) (a—0b)(a®*+adb+ b)) d
+d=d@+1)=94)dd+1)(d—>+d—d+1).

. (¢) Trinomials. Although most trinomials are prime quan-
| tities, a8 @ 4 b + ¢, m* + 2maz — n, yet

95. Any trinomial may be separated into factors,

(1.) When each term contains a common monomial factor, or
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(2.) When its extreme terms are squares of two different
monomials, and the middle tesm s twice their product.

Remark.—In this case, the extreme terms must both be +, but
the middle term may be either 4 or —. See (83) and (84).

Thus, a¥x — ma® + xyz = x(a® — mx + yz). So 6at
-+ 12ab 4 68 = 6(a? + 2ab + ¥*) = (95, (2)) 6(a -} B)3,
and ma? — 2mxy + my* = m(x? — 2xy + y*) =m(x—y).

(d.) Any polynomial.

968. Any polynomial may be separated into factors,—

(1.) When each term contains a monomial factor,—

(2.) When it is any power of a binomial.

Thus, a’>m’ — 2a*mn 4 Sa*mn® — a*m — a*m (mp — 3an
+ 5a*n* — 1) ; and a® + 3a*b 4 8abd? + b*=(a + b)*. Also
2 — 382y + 3zy' — ' = (z — )"

Frequently, a polynomial may be separated into factors by
a combination of the foregoing methods.

Thus, 3 4 2bc 4 ¢ — a* = (94) (b 4 c)* —a®. Now
regarding (b -} ¢)* as the square of one term, and a* as that
of another, we shall have, by (82), b4+ c+a)(d+ ¢
— a).

Take the polynomial m? — p* 4 2p — 1, the last three
terms would be the square of p — 1 but for the signs. (See
95, Rem.) But by (69, Rem.), these terms may be made a
subtrahend in a parenthesis, with their signs changed; thus,
w — (' —2p+ 1) =m— (p— 1)'=(82) (m+ p—1)
(m—p+1). :

Separate the fofowing quantities into their prime factors :
e 11. 15a* 4 25ab — baz. 17. 26a* — 9y°.

12. 122 4 24ay 4 1237,  18. 92 —9. .

13. 5a* + 10xy - 5x’y’. 19. 152 — 15y ~

14. 52a% — 39abc<r - § 20. 52 — 528,

15. 362* —9y™ See (82). 21. 44xb | 4455

16. 40zt — 403~ . 22, 92* — 18z 4 9.

» N .
7 o “
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238. 108m'n — 96mn® 4 60m. )

24. 856m*zx — 26m'x* 4+38m. . -

25. 14az 4 Tzy — 17za.

26. 27m® — 86m®n + 54mny — 18m®.

27. 102* — 80z’ 4 80xy* — 104

28. 4a® 4 124’ + 12ad* 4 4.

29. ¢ —2cd + d* — 2 See (96).

80. a* — m’ 4 2m — 1.

If the product of the factors of the dividend is simply
indicated, as 3* X 5* X a’, it may be divided by any one of
its factors by simply dropping that factor. “Thus, to divide 3*
X 5* X a* by 8* X 5 X a, we should have 1 X 5 X a = ba
for the quotient. The result is the same as if the actual pro-
duct 225a* were divided by 45a.

In the same way, 2¢ X 17ad*(2® — y*) = 2 X 17d(z + )
= 2! X ad(x — y) = 4ad(x — y), the indicated quotient.

It is often convenient to separate the dividend and divisor
into factors, and then proceed to divide as above.

Nore.—To divide (a4 5)® by (a 4 5)}, we may consider the
quantity within the parenthesis as a monomial, and then divide, as’
in (86), by subtracting the exponent of the divisor from that of the
dividend. Thus, (a 4 5)%—+ (a 4 3)® = (¢ 4 8)2

In the same way perform the following examples :

* 81. Divide 15a(z* — y*) by 5(x — ).

82. Divide 14m*(a 4 b)® (m* — n*) by Tm*(a -} b) (m—+-n).

33. Divide 14(a* — 3%) (2 + 4*) by 7(& —*) (= + ).

84. Dw1de 20bc(m® — 81) x*(x + y)’ by Sbz(m® 4 9)
=+

35. DNlde 45ab:¢:’(16m’ — 86y*) (a — b)* by (4m + 6y)
(a — b)9azx.

86. Divide (a + b)* (a —y)* (a—=z)* by (a + b)* (a —y)*
(@ —x).

87. Divide a*(m*® — 2mn + n*) by a*(m —n).- < -
88. Divide 36a’z* 4 72abz* 4 86b%* by 18z(a + b), -
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89. Divide (54bcdm — 54530 (a* — 25) by 2Tbe(z* — b)Y

(m——l) L e ¥ - ‘;’
40. Divide 14a# — 1448 by 1(2* — ) (= + ¥)-

J, 9‘3 , , — N )
L7 3J,. N
2 S
{
SECTION XIIL

MULTIPLES AND DIVISORS.

The successive products arising from multiplying any quan-

tity by 1, 2, 8, 4, 5, 6, 7, &e., indefinitely, are called multiples
" of that quantity. Thus, a, 2a, 3a, 4a, 5a, ba, are all multiples
of a. Hence,

98. A MULTIPLE of a guantity is. any product which con-
tains it as a factor.

A product containing two or more factors, is as much a
multiple of one as of the other. Hence, it is common to them
all a8 a ‘multiple. That is,

97. A COMMON MULTIPLE of two or more quantities is a
product whwh contains them all as factors.

Thus, a®bc is a common multiple of a, a%, ab, a*b, ac, a’,
abc, and a’bc. There may be any number of common multi-
ples of these quantities, as 8a%bc, a’bex, a*bedm, &e., but a’be
is the least common multiple, since it is the smallest quantity
which will contain them all. So 24 is a common multiple of
2, 8, 4, 6, and 12, but 12 is the least common multiple of all
these numbers. Hence,

98. The LEAST COMMON MULTIPLE of two or more quanti-
ties s the least product which contains them all as factors.

To find *the least common multiple of two numbers, as 45

sand 54, we separate them into their prime factors, 45 — 38*
X 5 and 54 =2 X 8*; therefore 5 X 2 X 3* will contain
both of the given quantities, since it contains all their prime
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factors. We reject 3%, since we have a higher power of the
game quantity, namely, 8%, which, of course, contains 3.
Hence, to find the least common multiple of several quantities,

99. Resolve eack of the gimen quantities into 1its prime
Jactors; and then take the product of all the different prime
JSactors, giving each the highest power found in any of the
given quantities.

The least common multiple of 9az?, a 4 b, and 18a’z, is
thus found : 9ax® =238 X a X 2*; a + b =(a + b); 18a’
=38"X 2 X a* X x; hence, 8' X 2 X a* X z* X (a4 D)
= 18a*z*(a + b) = 18a*x* 4~ 18a*bx, the least common multi-
ple sought.

Find the least common maultiple of the following quantities :
. Ta*d, 14abd®, and 285
. 12mn, 20m?®, 15z, and 3n. _

. 8a*, Ty, 4y°, and 14ma. it

. 9m®, 15a, and m 4 n. - .« ° .
a*—0 a+ b and a—b. ’

=+ z +y, x —y, and Sa’ ; )

. ba, T(x + y), and 3mn’. . “
. 8a, a + b, and 9a'm. _—_—

Q0 =T O O LN

DIVISORS.

A divisor of a quantity is any quantity that will exactly
divide it; thus, 5 is a divisor of 15, a is a divisor of ab.

A common. divisor of two or more quantities is a quantity

. which will exactly divide them all ; thus, 3 is a common divisor

of 9, 86, and 45, a is a eommeon divisor of ab, abe, and abd.

The greatest common divisor of two or more quantities is
the greatest quantity that will divide them all. Thus, 9 is the
greatest common divisor of 9, 36, and 45; and ab of ab, abe,
and abd.
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To find the greatest common divisor,

100. Separate the given quantities into their prime factors,
and then take the product of the factors common to all the
quantities.

To find the greatest common divisor of 8a% 12ab, 20a’x,
and 40ad?, we must separate the quantities into their prime
factors, thus:

8a® =2 X a’. .
12ab =2*X 3 X a X b.
200’ =2 X 5 X a’ X =.
40ad® =22 X 6 X a X &

Now taking the product of all the common factors, we have
. 2' X a =4a, the greatest common divisor.

The greatest common divisor of m? - 2mn -+ n*, and m*
— %, is found thus:

m? 4 2mn 4 n* = (m + n)

‘m* — =(m + n) (m —n).

Hence, m - n is the divigor sought.

Find the greatest common divisor of the following quantities:
9. 15a’mn, 25am?, and 30amn®.

10. 27x%, 45ax?, T2a*ma?®, and 36x%>

11. a® — 2ad 4-8* and a — b.

12. m* —1, m —1, and m* — 2m 4 1.

18. 7(a - b)® and 14m(a + b)*

14. 2* + o, o' — 3, and & + 22y + 3.

15. 15a’bd — 80a’dm and Gadm -} 24bdm?.

16. 7a’dz + 14adm’z and 8am’x — 12adw.

F
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CHAPTER III.
FRACTIONS.

SECTION L

DEFINITIONS AND NATURE OF FRACTIONS.
101. Algebraic quantities (60) may be either
(1.) ENTIRE; a3, 15, am, p* + 3, or
. 8apa—>o
(2.) FRACTIONAL; as, o m
102. Fractions, in Algebra, have the same meaning as in
Arithmetic.

Thus, %

then a of these parts are taken; so with -35-,. —a-n;;

. 103. The DENOMINATOR shows into how many parts the

means that 1 is divided into & equal parts, and

unit i3 divided; as, 4 in -z,m—}-ninm:‘i“.

104. The NUMERATOR shows how many parts are taken ;
as, 3 in 3 ab in —15—.

’ ' m-+4n

106. The numerator and the denominator are called tl.c
TERMS of the fraction.

106. A4 PROPER fraction is one whose value is less than a

unit; as @ ¥
’ .: 7’a—|-b’a:—|—y'
107. An IMPROPER fraction is either equal to or greater

. 314 aab4m
than a unit; as, PE D —ai—.
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+ 108, A MIXED quantity is ar entire quantily connected with

&

a fraction by the sign 4 or —, as, a 4 2’ 5d —

m—n
109. A fraction is an indicated quotient, the numerator
representing the dividend, and the denominator the divisor.
110. The VALUE of a fraction is the quotient, whether inds-
cated, or obtained by performing the division. Hence, by
(88, R'em.), .
111. Multiplying the numerator, or dividing the denomina-
tor, MULTIPLIES the value of the fraction.

Thus, the value of 234 is 4. If now we multiply the nume-

rator by 2, we shall have 4&—8 =38, or twice the previous value

of the fraction. Again, if we divide the denominator by 8,

we shall have %: 12, or three times the original value of

the fraction.
112. Dividing the numerator, or multiplying the denomi-
nator, DIVIDES the value of the fraction. See (88, Rem.)

Thus, the fraction 1—38- =6. Dividing the numerator by-2,

we have -g ==38,0r 6 + 2. Soif we multiply the denominator

by 2, we have 16_8 =38. Here, also, the value of the original

fraction, which was 6, is divided by 2.
fic:bc; but dividing the numerator by b, ,we have %c
a

= ¢, which is the same as bc divided by b. 8o if we multi-
ply the denominator by 3, we ghall have %f == ¢, which is
also equal to the previous value bc divided by b. ’



.

84 FIRST LESSONS IN ALGEBEA.

113. Multiplying or dividing both terms of a fraction by the
same quantity, does not alter its value. See (88, Rem.)

8 3Xx5
Tlms,Z' 4X5’° 20,for1tmthesamenthoughwe
. 9 9+9 1
lndmultxphedzbyg_ ,sols 18—9 forxtls

the same as though we had d1v1ded by 7 1.

SECTION IL

REDUCTIONS.

(a.) To reduce a fraction to an equivalent fraction having
any required denominator,

114. Divide the required denominator by that of the given
JSraction, and multiply both terms of the fraction by the quo-
tient. See (113).

Thus, to reduce _g to 28ths. We find that 28 =7 =4,

5xX4 20
Tx4 28
The value of the fraction is the same as before (64).

hence we must multiply both terms by 4; thus, ——

_T_ A is thus changed to a fraction having a* — * for its

a

denominator. a® — 3 + a 4 b = a — b; multiplying both
z(a—b)  ax—bx

(@a+28(a—0b)" a0

1. Change ;I—; to a fraction having 89z for its denominator.

2. Change :Tl:‘ to a fraction having 45m®n for its denomi-

nator.

terms by a — b, we have
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3. Change a-:— bjo a fraction having 7¢* for its denominator.

4. Change as_i - t0 a fraction having a* + 2ab + B for

its denominator (95 (2)).
g . . .

5. Change AT g to a fraction having a* — y* for its de-
nominator (93 (2) ).

(3.) To reduce an entire quantity, or integer, to an impro-
per fraction of any required denominator,

115. Consider the integer as a fraction with 1 for its de-
nominator, and multiply both terms by the required denoma-
nalor. : ’

Thus, 8 — g and can be Teduced to 7ths, as in (114),

8 X7 @ So ab can be reduced to a fraction having

I1X717 2 )
a - b for its denominator. aTb = "llb((:: bb)) =2 z i ;b
6. Change 8a to a fraction having 55* for its denominator.
7. Change a - b to a fraction having c for its denominator.
8. Change 5z — by to a fraction with 4z for its denominator.
9. Change xz + b — 5a to a fraction with 6y for its de-
nominator.
10. Change a - b to a fraction with @ — b for its denomi-
nator.
11. Change 2a® + d®*— 5 to a fraction with 5ab for its
denominator.

(c.) To reduce a mixed quantity to an improper fraction,
118. Change the entire quantity to a fraction whose denomi-
‘nator shall be the same with that of the annexed fraction;
unite the numeradprs by their proper sign, and place the result
over the given denominator. See (68) and (70).
8
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21 23
Thus, 73 =3 +

and & —

x

3’ +
oy _sosir_y
T
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an | m
’

+—-=

n

z
Change the following mixed quantities to improper fractions:

12. 94 "’ 17.

18. 8z ;. Y S U

l

u. b
+ta%3

15 o212 a0 20.
a—x

16 4 22, 21.

iy
rsaf .

b4+ x—25
a-—-5—————a.+5 :
b+'=
m x+a—b'

b—b5m
m- x— T
al - b
a+b-—a+b.
5m + Ty
8bx - i

(d.) "To reduce an improper fraction to an entire or a mixed
quantity,

117. Divide the numerator by the denominator ; and to the
quotient, annex the remainder, if any, in the form of a frac-
tion, ham’ng Jor its denominator that of the original fraction.

19 ab+b_b+_2.

Thus, -=1; 5 =3%;
Reduce the following improper fractions to integers or
mixed numbers :

39 85z -1
2. —. X .
2 5 . 26 =
10 b5ab
23. o 27. -+
. s .
94, 02—V 98, L—8
a a-tb
25, 21ab — l:z:. 29, 12a + ab— 17.

Ta . 3a

. 2
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a*+5—8 20m*(x 4 ¥)
30. T. 31. mx-'_—y)'-
(e.) To reduce fractions to their lowest terms,

118, Divide both terms of the fraction by their greatesl
common divisor. See (100).

- Thus, to reduce — to its lowest terms, we find the greatest

14—:-7_2
637 9

14
.63

common divisor to be 7; hence, The value of

the fraction is mot changed, see (118), and = ——%. So

9. 63
S5ab — 10a’x + 15a% 5a(b — 2azx 4 8a%y)

20az — 1Va*m + bab = (%, (1)) ba(4z — 2am +- b)

b—2ax 4 3a’y Also, a-+b 1
~4z_—2am+ b a’—|—"ab+b’ T af b
Reduce the following fractions to their lowest terms:
Ta __ 8axy
82. 85 : 87. 9az + 2Txy
65 24a* — 12
. 88 ——
33 42b% / 8 #6ay -+ 20ac
31 ab 39 13a
3 a"—x. - m.
3ax Txz
35- r‘x’y- 40! ml
ax 4 ay : 2a?b — 4a*z
36. e ez 41. T T

42, 8axy — 4ay + 16ay .
12azy — 20ay 4 24axyz
43 Wy —ay
ay + ¢y +dy
6ax® 4 12abz §-'6ad®
18a’2* — 18a%0*




88 PIRST. LESSONS TN ALGEBRA.

(/) To reduce two or more fractions to a common denomi-
nator,

o
19. (1.) Multiply each denominator by all the other de-
nominators ; and to preserve the value of each fraction (113),
multiply its numerator by the same factors. Or,
(2.) Find the least common multiple of all the denominators,
Jor the least common denominator. To obtam the proper -
multiplier for any numerator, divide the common denominator

by the denominator of that fraction. .
Thus, to reduce the fractions % %, andg to a common

denominator, we must employ the first part of the rule,

gince the denominators are all prime to each other (88)
1 _ IX5XT7_ 8 2 2X8XT7_ 42

Then, = XBx 7T 106’5 5xsx7 105

b H5X3Xb5__ 7

T TX8x5 105

a ¢ m a
In the me way - = and - e thus reduced : 2
_aXan’_adf&'f_cben’ ben? am
TiXdxX®w b’ 4 baw | bdw M w
mXb¥Xd bdm adn® ben? bdm
= baw Vo then bave oo, v " s

for the fractions reduced to a common denominator.

But if the denominators have common factors, the second

part of the rule should be employed. Thus, to reduce 3, 15 o
178’ (1;, and — 3 bo a common denominator, we find the least com=

mon multlple of the denominators by (99) to be 36. Then,
4_4X4 5 __5X8 7 __7X2 1_1X6 and

9 9x4’ BT IBx2' 6. 6x6 "

)—l
L\'>|
|—l
o
X
el
oo
.-l
&
X
o

e
0:
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§= i—i—g So we have ;g, ;Z, ;:, 366, and 2; for the least;
common denominators.

To reduce 8a and bz to the least common denomi-

@?—y  zt+y

nator, a8 2* —y*= (2 + y) (x —¥), it must be the least
52  bx(zx—y)

y @E+nE—y
The first fraction remains unchanged.

common denominator sought; -
__ ba*— bay
5 atb
9z’ "B and —Tb- are reduced to the least common
denominator as follows. By (99) we find the least common
multiple to be 72az*(a - b). Hence,
5  bX8x(a4?d) _ 40ax 4 40bx
9az ~ 9ax X 8x(a + b) 712a%* | 712abat
a+b (a+b)X9a(a+b)_ 9a(a+b)*  9a'418ad4-95*
& B X Oa(at8)  12axiatbd) 12w+ T2aba
3 3 X 72ax? 216ax?
atb (atb)yi2ar T2a°2 A 12abc*
BReduce the following fractions to their least common de-
nominator :

By the first methodh
45. ‘;’; and %‘ 19, _‘;3, %, and ;‘i‘_".
. 2 1:, and <, 50. ﬁ and 5_2*;_”.
4. ?5, % and y. Seo(115). 51. 82 and 3;_3’
48, ;’:’; and ;__*_’; 52. ai‘_‘b amd 22

g #*



53.

65.
56.
67.
568.
- b9.
60.
61.

62.

FIRST LESSONS IN ALGEBRA.

By the second method.

5a* and Ta?
Tmn® 42mn’

xz  be 4
By @™
atbd b c

Tz ™

4 5y

afb and a?—b¥
m—+n m
m—n and m? — 2mn 4 n¥
a ¢ 4 5
30 272" 18bz-

1 7 and 5b
8a" 12’ 9a’
a—b a4 x
a+tb and a® + 2ab + b
8y b5z and 7
630" 215~ 915
z+y z—y
b pmpr and Ty

m a+tz- 4

m+1 m—7 and Sa'z
.

SECTION III.

ADDITION OF FRACTIONS.

The sum of two or more fractions, as in entire quantities, is
indz’cated by simply writing them with the sign'-#. Thus,

+

+ 7 > indicates the sum of the respéctive fractions
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Note.—The sign 4 or — before a fraction, should always be.
placed on the same line with that which separates the numerator
from the denominator. The sign, it must be remembered, affects

the whole fraction, and not any single term in either numerator or
denominator.

FRACTIONS.

8a

2a I 5a. 7,2 1
The sum 0f7{+ 5 8 evxdentlyT, 501—2-}-E_[;-ﬁ

10 5 3¢ a—m. 8ata—m 4a—m
=1 "5 and;n—,+ 8 o =
- . ~ 5a 3c
Suppose it is reguired to a,dd.ﬁ and o
sum is 5—‘; + %—i; but as these fractions have not the same
denominator, we cannot add the numerators until we have
reduced them to a common denominator, which is 36*%z. Then
S5a _ babx 8¢ __ 9¢ . 5abx 4+ 9¢
:_—;z—m:-, an Z’—x—ﬁ. The sumswill be —W.
Hence we have the following rule for addition :

. _The indicated

120. Reduce the fractions to a common denominator ; then
add the numerators, placing the result over the common de-
nominator, and reduce the similar terms.

8a—b c42b a—c—b

Thus’waddx’+7—z’z’—|—7—z’andf(m’+7—z)’

92 — 3b 3¢ + 6b a—c—Db
we bave, s T s T—0 T EFT—2)
_9a—8b43c46b4+a—c—b_10at2+42 ,
= 3@ +7—2) =8 2l—8s ™
L Add a-+b 3a-2b d4a—66

Ty T4y ety

. ?—y+2z 2y—2—3a° 20 —y+ 2
2. Add —0—) g ad ———
3. Add % 2 2 ana 2

o 42 e



10.

11.

13.
14.

15.

16.
17.
18.
19.

20,

. Add

. Add

X
. Add 6a3, ';y

FIRST LESSONS IN ALGEBRA.

2a 3b 3a

; x __yz’ x _.yz’ xa__yz’ and x _y'

et —7 +2¢ 36*4-184-¢ a*—45*—10—3c
m+n ' m4n and m4n )

8a® 4a? 5a

3 33 and Vv

4a 50

6c
- Add 2 and

Adda_;_band “;'6. .
, and 3z;}—y

Tx 8x 42
Add 6z, =, 5, and j .
4z Tz —1 Bz +5
9% "2 Ba’

Add —2® g 2t¥

m* — n? m4n

1 1
Add —— and
z+y z—y

Add and 2z — y.

'Add ab, 15, ¥ ana 8.

14c’ 7
a ¢ 5
4’ 9d’ )
Add j« and §x. See (45).
Add iz, 3z, §z, and §a.
Add }a, %a, and la.
Add Zab, §ab, }ab, and §abe. ‘

Add — % ana 2@

an .
m4n + m—n -

Add 4, and
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SECTION IV.

SUBTRACTION OF FRACTIONS.

To indicate the difference of two fractions, place the sign
a+bdb a—b

R
As these fractions have the same denominators, we may sub-

tract the numerators; thus, 1}'{‘_5”‘;_4-5 (70) = &

— between them ; thus, ——

If the denominators are not the same, they must be reduoed
to a common denominator before uniting the numerators;
thus 6x—2 4z438 (6z—2)(z—1) ‘(4z+8)(z+1)
'z4+1 2—1 (z+D@E—1 (@—DL&+1)
6x’—2z—6.t+2_4x’+3x+4x+3 !

2—1 —1
6@’—2z—6z+2:§x’ 31—41_3=reducing,
2z’—15x—1. Ans.

—1
.Hence, we have the following rule for subtracting fractions :
121. Reduce the fractions to a common denominator, and

subtract the numerators one from the other, changing all the
signs in the numerator of the fraction to be subtracted.

1. Subtract > from ;, °+d fom 6a.

4am 3bc
from
5.1/

Note.—We may change these mxxed quantmes to improper frao-
tions by (116), and theh subtract; or we may subtract the enti§e
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quntities first, and then the fractions; thus, z— 3y -+ y%-—

FIRST LESSONS IN ALGEBRA.

and then reduce.

"

L

10.

11.

12.

13.

14.

/ 15.
16.
e ‘17.

18.

7

. Subtract 8a+5 from E.
8 2 )
Subtract 1 1 1 1

a—b

[

[

4

. Subtract 43 from 5.?,_:1;'—28:1:.1/.

8x*—2z 8z -+ y

. Subtract from

4z z
a—m 6

8 froma+m.

2 x
Subtract 2—0—‘—1 from ga-Tb-.

bax 8z
Subtract m from -

Subtract

Subtract aT-—b from a 4 b.

Subtract a — 4——?':—(1 from z — g.

5z + 6 from 8

m—1 m+41

2
Subtract a — b from aﬂ—T-xb'

at @t b
Subtract from pr gy

Subtract

— 2z 4 from

Subtract 1202 Ba'z

m? - 2z - o

ey Ay Skl 3
6. Subtract ——Z x—l—y from x — 3—,1/_
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SECTION V.
MULTIPLICATION OF FRACTIONS.

To multiply a fraction by an entire quantity,

122. Divide the denominator if possible; if mot, multiply
the numerator by the entire quantity. See (111).

i—; )(4_5—; here, as the unit is divided into éas
many parts as at first, each part must be 4 times as great. If
20a _ ba

"7

Thus,

we had multiplied the numerator, thus, gg X 4=

(118), we should have the same result as before.

As Sa 5 X 4_will manifestly give the same result as 4 X i 2,
see (71, example), the preceding rule applies also to the -
multiplication of an entire quantity by a fraction. In the
following examples, the result should always be reduced to its

lowest terms. See (118).
8a _8aX4x 12ax _6a

Thus, 42 X Spes — bz — 2o~ be" .
Here we might have redd before multiplying by cancel-
3axX2 6a

ling the common factors 2z ; thus, o = 7
. Tz
1. Multiply o by 5y.
2
2. Multiply % by bed.

3. Multiply ?!%b by 4xy.
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4. Multlply + by z—2.
4 b '
9 —6 |0 bay. .
8ax —4b

-y
Nore.—Cancelling like factors, we shall find that the numerator
is to be multiplied by — a.

7. Multiply 25 by 2—‘;? ; 4 by ?-82

6. Multiply

6. Multiply’ — Say by .

8. Multiply 22— 726””’

by — l4a=

7b

10. Multiply 55 by ﬁb%ﬁ'n;

11. Multiply 7 by —=

12. Multiply z,‘*‘y, by x4y by a5

6z — 4m
9am + 18a%

13. Multiply 1z by 8abz.

14. Multiply 3 by 5. See (48)-

. 7

8

16. Multiply yos— gopa

by 56%3(8 — a).

' . by
17. Mnltlply —;m—b—’ by (a + b)’-

18. Multiply 7 — 2mn + ot

__._b)(TZSb’b'.

-
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. .
To multiply a fraction by a fraction, is the same as to take

a fraction of a fraction; asg of E : of %, is the same as
2 834_5
3X235X%

123. 4 fraction of Jraction 13 called a OOMPOUND

FRACTION.
. 2 4
What is 3 of 3?

To find one-third of %, we must divide the fraction by 3;

that is, we multiply the denominator by 3 (112); then, since
1 .4 4

3 of =15 two-thirds must be twice as much, or E Here

we have multiplied the numerator (111) by 2. Then -2— of

4 2 4 8
73515
terms of the fractions together Hence, to multiply a fraction
by a fra.ctlon,

124, Multiply the numerators together for the numerator of
the product ; and the denominators together for the denomina-
tor of the product. Reduce the result to s lowest terms.

ReMARK.—The common factors fnay be omitted before multiply-

146z 9dm Say 8a
ing: thus, 355 X T5z X 7mi — Zdmy'

that is, we maultiply the corresponding

19. Multiply +“ by g T, )
- j 'L ’ - ',“
. 32 5 l'z . 4
' 1 a ‘b k4 -’4
—b 3y Jew - 5>~

o .

9 a /L’;L

1.
z = & ’*,f-f}?'

'R
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/%
22. Multiply “ib by £ —_I—l :;;Z
B aretle)

/—_'-L
24, Maltiply 2% by 8 /

axy

3a min b 10m ¢ 4

25. Multiply — o P

gl ity ™ 6 e Ty
Nore.—Indicate the multiplication before reducing thus: §8lf
(m4-n) 10m 4z ""%)“ f”Vﬁ

X5(z+y)x m-4n

+ - —_ 3N - y
26. Multiply - of&’”f)_m“f by 10 g 2—¥ Sy

8 3a E
2 R Ll
27. Multiply together f, é, ad 2 TR
. ¢ Y "c
12a% — 6Gax m-+4n
28. Multiply P lSam—- o0

X3 Qam Zf{ o f
‘ . ) A g
29. What is the product °f 3by’ of 142’ and 5mn "o
oo B2t —10zy + Byt m—
80. Multiply ~min b Y 152 = 15.?

«

81. Multiply 34 by a + iy‘

NotE.—Reduce the mixed numbers to a fraction before multiply-
ing. 8ee (116). '
2

' 82. Multiply = - ’”_—_Z by ~2"‘ y,.
— a’m 4a*

+_

83. Multiply 5am +



FRACTIONS. 99

SECTION VI. ®. .
DIVISION OF FRACTIONS,
(a) To divide a fraction by an entire quantity,

123. Divide the numerator by the entire quantity if possible ;
if not, multiply the denominator. See (112)

5z z be S5z
Thus,ﬁ—5 B bt 2_24,
md,k—a=ic.
¥ ay
1 Divide °2 by 3a.
z _ .
2. Divide # by z 4 y.

8. Divide 813’ by 4.

4. Divide % by 7a.

*. ., 16a*—8a
5. Dl“de.m by 4a.
3y

6. Divide by 8.

o s
7. Divide 22— 8% 0 g 4¥ -

a*4 8 o by X Eaied

8. Divide ;‘”‘ by 85+,

2m* — mx

9. Divide e by 3m*z.

8% 32:1:3/
10. Divide —=F8 by 4.
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(5) To divide an entire quantity by a fraction.
In this case, ge can change the entire quantity to a fraction
of the same denomination with the given fraction (115).
3 24 3

Thus, 6+Z=Z-TZ, which is the same as 24 - 3,
or 2;- =8. Now 1f we had multiplied 6 by £Y (or the divisor
inverted), we should have had the same result, %4 So m —+ %
=me—% ";b, and m )( - (or 2 inverted) =7%b, as
before.

(¢) .To divide a fraction by a fraction.
We can Ghange both fractions to a common denominator
. 3 2 21 10 21
(119), and then divide. Thus, 3T T=3 8= 10
But, by inverting the divisor, and multiplying, we have

-8 T 21 a ¢ _ad  be__ad
EXE,alsoequalto So =357 and

10 2 d bd b
a_ d c.
3 X < (or 7 inverted) also equa.ls ﬁ'

Hence, to divide by a fraction,

_.+7126. Invert the divisor, and proceed as in multiplication.
- ’ See (124).

RemMark.—Entire and mixed quantities must always be reduced

b
to fractions before applying this rule. Thus, m-:—%= ? X =

bm a+4-bd at-b 1 at+b 1
- H =P = = = H
a’ bz 6z 7 a?—b?" bz(a®—b%) ~ bz(a—b)’

a mz 4 a 8¢c+45 mz -+ a
md (mt3) +(44) =" - 2=
[ emz - ac

Bct b Beztox
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. .y 2a%t 14ax . . . .
D1v%de e by mry Inverting the divisor and multi-
2 2
plying, we have 2atc* m4y ax ax?

m’—y’x ldaz ~ (m—y)XT 7m—7y
. .1 2a b j gy Akl it S
ll.wades—x-by@._ e
8a—b b

12. Divide b .
T—9)

13. Divide @ —=8) . 2e+8)

14. Divide

4\b b az
: s+ 1 7 YE+D
. . "a+b -a—+~b
15. Divide -1 Y=g
16. Divide a — -2}
x+y

. . 3 5a a m - 7{ " 3
17. Dwxdezof? by—of'z. .

18. Divide 2y by 4’;’;—_};3

19. Divide :y_ by —.

20. Divide 9m? — 27m® by 18am

21. Divide "’(_“7:@1@ Waz. /7

g~
2. Divide L& =90 . Bty I
8(m + n) 24(m .} 2ma 4 n?)
If we should indicate by a fraction the quotient in any of
the previous examples, it would pive rise to a COMPLEX FRAC-

TION, that is, to a fraction having another fraction in one or in
9 *
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2 2 and ?Li:, are all eomplex
m 43

both of its terms. Thus,

-\'|°|L'll‘
LT

fractions. To reduce such fractions, consider the numerator
as a dividend, and thes denominator as a divisor (109),
8t 7 18 7
4 283 2

'8 21 =z n =z 1 =z

—_— = 0L —— =+ —— - —
X B=26 Ca vy 1 vy n mny

Reduce the fellowing complex fractions:

and apply the preceding rule. Thus,

23 12-: 26 =
. * . . P + b.
Sa L] s ) .
. 45
24. 3 2T F—=.
8% =
”. 5—*'. 28. '1_.—::‘:'
15m™

. 127. The rATIO which one quantity bears to another is often
expressed by a fraction.
Thus, if two quantities are to each other as 1 to 2, or in the

ratio of 1 to 2, the smaller is l the larger; the ratio of 2 to 3

is expressed by the fractlon th& ratio of m to n by —.

29. What is the ratio of2a: to3z? ofa+t bto a—b?
80. What is the ratio of 15a* to 18z ?- of Ty to 28y*?

) ) 182 | - 9lay
31. What is the ratio of 5a 15 to 8 (m —m)

16(m? — n?
xy

82 What is the ratio of ) o 8a3(m — n)?
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CHAPTER IV.
EQUATIONS OF THE FIRST DEGREE.

SECTION I

INTRODUOTION.

128. An EQUATION i3 an expressior (6) for the equality of
two algebraic quantities.

Thus, 8 4 4 =18 —6, and = -} 5—=2x— 27, are equations.

129. An equation of the FIRST- DEGREE contains only the
JSirst power of the unknown gquantity (19).

‘Thus, = + 8 =y — 2 is an equation of the first degree.

130. An egquation of the BECOND or the THIRD DEGREE
contains the second or'the third power of the unknown quantity.

Thus, 2* + =12 is an equation of the second, and a*
=—y* + 18 is an equation of the third degree.

" 181, An equation consists of two parts, called its MEMBERS
(17); that on the left of the sign = s called the first or left
hand member ; that on the right, the second or right hand
member.

132. When the two members are increased or diminished
equally, their VALUE i3 changed, but their EQUALITY 25 still
preserved.

‘We may, then, without destroying the equality,

(1.) ADD the same or equal quantities to both members (24) ;

(2.) SuBTRACT the same or equal quantities from Dboth
members (25) ;

(8.) MuLTIPLY both members by the same or equal quan-
tities (26); .



104 FIRST LESSONS IN ALGEBRA.

“.) DrvivE both members by the same or equal guanu-
tes (27).

Remark.—The learner should bear in mind that, in all operations
upon equations, each entire member is to be regarded as a single
quantity. Hence, to multiply or divide a member, we must multiply
or divide each of its terms (81), (89). In general, the members should
be reduced, if possible (66).

133. An equation i3 said to be BOLVED when the unknown
quantity is found in terms of known guantities.

134. To solve an equation, we must

(1.) Bring all the terms ctmtammg the unknown gquantity
together into one member ;—

(2.) Free them from all connection with known guantities.

1388, A Znown guantity may be connected with an unknown
quantity,—

(1.) By ADDITION; as, z -+ 25 = 50.

(2.) By SUBTRACTION; as,  — 12 =386.

(8.) By MULTIPLICATION ; as, 5z — 30.

(4.) By DIVISION; T —4.

(5.) By any or all of these combined ; as, 3x+25—§
—27=6.

136. To free the unknown quantity from the known, RE-
VERSE the operation by which it is combined.

(1.) Thus, in = 4 25 = 50, subtract (132) 25 from both
members.

(2.) In x — 12 = 36, add (132) 12 to each member.

3) In 52: = 30, divide both members (132) by 5.

) In — .__.4, multiply both members (132) by 15.

Performlng these several operations, we shall have,
1) z 4 25~ 25 =150 — 25, ar z = 25.
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(@) z—12 4 12 =236 4- 12, or x —48.

(3) 5x+5=30—:—5, or z ==6.
© @) %x15=4x15, or z = 60.

These various operations are sometimes combined, as in the
equation given above

82425 — 2 _27=6. Reducing (66),

? —2=6. Mult.iplying by 3}

8z — 6 =18. Adding 6 to each member,
8z = 24. Dividing by 8,
xr=3. '

Hence, to solve any given equation of the first degree con-
sisting of entire quantities only,

137. Transpose all the terms containing the UNKNOWN
quantity to the FIRST member, and all the terms containing
KNOWN gquantities to the SBECOND, changing the sign of every
term transposed (33).

138. Unite all the terms in the first member, also all the
terms in the second (66) ; and divide both members by the co-
efficient of the unknown gquantity.

If the equation contains fractions,

139. Clear the equation of fractions by MULTIPLYING both
members by the least common multiple (99) of the denomina-
tors of the fractions ; and then transpose and reduce as above.

140. At all stages, the members should le REDUCED (66)
whenever it is possible. Terms consisting of abstract numbers
can always be united ; and thus the operations on the equation
simplified. ’

141. The two members of the equati@must always be of the
SAME KIND; that 1s, we must have dollars equal DOLLARS;
shillings — SHILLINGS ; hours — HOURS ; miles = MILES, &c.
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Every equation may be considered as an algebraic statement
of some problem or question. No definite rule can be given
for putting a problem or question into an equation, but a con-
gideration of the following example may aid the learner:

A gentleman gave $175 for his watch, chain, and seal ; the
chain cost him twice as much as the seal, and the watch twice
as much as the chain. What was the price of each ?

Now here are three unknown quantities, the price of the
watch, the price of the chain, and the price of the seal. We
will let'z represent each of these quantities in turn, and solve
the equations arising* from each of the statements of the
question.

Let = the price of the seal,
then 2z = the price of the chain,
and 4x = the price of the watch.
x + 2x 4 1x = $175, by the conditions of the question.
(reducing) 7x==175. Dividing by 7,
a = $25, the price of the seal.
2x = $50, the price of the chain.
4x = $100, the price of the watch.
Proor. 100 4 50 4 25 =175, as above
Now let & = the price of the ckain,

then f; = the price of the seal,
and 2z = the price of the watch.
Then z :—: + 22 =175. Clearing of fractions (139),

2x + = + 4x =350." Reducing,
7x =350. Dividing by 7,
x =50, the price of the chain.

x .
3= . the price of the seal.
2z =100, the price of the watch.
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Again, let « = the price of the watck,
* x

!

then — — the price of the chain,

N

W]

and - = the price of the seal.

z -+ g-;- 4f= 175. Clearing of fractions,

4x 4 22 + «="T700. Reducing,
72 ="T700. Dividing,
& = 100, the price of the watch,

=250, the price of the chain,

= 25, the price of the seal.

=8 NI

. We need to proceed in all examples as in this. That is, we
must first obtain a clear idea of the meaning of the question
proposed, in order to determine what is the thing required or

the unknown quantity. Having done this, let  represent that
quantity, and put the question info an equation, by performing

all the operations upon x, which the conditions of the question
may require. The value of x is then found by solving this )
equation according to the principles already given. A

‘ /

SECTION IL

EQUATIONS OF THE FIRST DEGREE CONTAINING ONE UN-
KNOWN QUANTITY.

1. If a certain number be multiplied by 5 and by 8, the
sum of the products will be 91. What is that number ?
Let z = the number,
ther 5z 4 8z =91. Reducing,
18z =91. Dividing by 13,

z="7. Ans
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It is evident that we may make any number of similar
questions by varying the multipliers and the sum of the pro-
ducts. Thus, if the number be multiplied by 7 and by 9, and
the sum of the products be 96, we shall have the equation
Tz 4+ 92 =96, and x = 6. It is well to embrace all these
various questions in one, by employing symbols for any num-
bers (51) that may be used. The question will then be stated
thus:

2. If a certain number be multiplied by m and by =, the
sum of the products will be a. What is that number ?

Let z = the numbe:r
then mz + nx = a. :

The first member, mx 4 nz, may be separated into two
factors (93, (1)), ene of which is = and the other m +n,
which is the coefficient of . Then,

(m 4 n)xr=a. Dwndlng by m +'n (138),

=

m + n

This is the formula (568) for the value of «; interpreting
which in words (5, Note), we obtain the following rule for all
similar cases :

142, Divide the sum of the products by the sum of the
multipliers ; the quotient will be the number required.

Thus, to find a number, such that if multiplied by 5 and hy
12 the sum of the products will be 170, we may either use the

rule, or substitute these numbers (54) in the formula

170 170
Substituting, we shall have ——— 5T 12 =47 = 10, the number

m—f—n'

. sought.
. As this formula furnishes a general rule for all similar
examples, the question is said to be generalized.
In generalization, it'will be seen that letters only are used,
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and that they represent both known and unknown quantitjes.
Such operations belong to pure Algebra, and the results will
always be general formulas for all similar examples, and, when
interpreted, form rules for their selution. It will be seen that
any algebraic problem may be generalized, though some con-
tain principles of more general application than others. Hence,

143. GENERALIZATION s an algebraic process, by which
we derive a general formula for any given problem.

Nore.—When the learner is required to generalize any problem,
he should also interpret (4) ead® symbol, each combination and the

result, thereby making a rule; and then illustrate its application by
some particular example.

3. Two men, A and B, trade in company, and gain $141,
of which B-is to have twice as much as A. What is the
share of each ?

4. Generalize this questlon by letting @ represent the gain,
and supposing B to have n times as much as A.

Then if z = A’s share, - -
nx = B’s share,
and « -+ nz =a. Separating into factors,
(14 n)z=ua. Dividing by 1 4 =,
a

l+n

T = = A’s share.

1+an—1+ = B’s share.
From these formulas, we derive the following rule for all cages

where one partner is to have a certain number of times as
ch as the other. .

144. Add 1 to the number which expresses the proportion
of ome partner’s share to that of the other, and divide the
whole gain by the sum for the share of the first. This, multiplied
by the number which expresses the proportion of the second,
will be thleoshare of the second.
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,l/"?) Divide $2800 between A and B,glvmg B 6 tlmes as .

much as A. X - ./ ( AR 5
Nore.—S8ubstitute in the preceding formulas.

/I'G. Divide = into four parts, of which the second shall be a,
. the third b, and the fourth ¢ times the first.

7. A man distributed 70 cents among four poor persous;
giving the second twice, the third three times, and the fourth
four times, as much as he gave t.he t}rst ?hat did he give o
to each ?X = Y - o
Nore.—Substitute as above. /
- 8. Said a father to his'son, “ Qur joint ages.are 78 years,
/\ and I am 5 times as old as you.” What were their ages? . —”il 3

9. Three men, A, B, and C, trade in company, and gam ST
$696, of which B is to receive 3 times as much as A, and C
as much as both A and B. What is the share of each? / - ¢ ) . _)q

10. Gene-alize this question by letting a represent the gain. -+ %~

Let B receive m times as much as A, and C receive as much .
a8 A and B, and find a formula for the share of each.

o
_~ 11. A farmer hired two men and a boy to do a certain piece ”
of work, agreeing to pay one of the men 5 shillings, the other
4 shillings, and the boy 3 shillings a day. When the work
was finished, he paid them $54. How many days were they

employed ! See (141). 1w = 7z
. 12. A farmer sold an equal number of oxen, cows, and sheep

for $632. For the oxen he received $47 apiece ; for the cows,

$25; and for the sheep, $7. How many did he sell of each sort? e’
13. A mercha:;t, failing in trade, owes to A, B, C, and D

$3597. To B he owes twice as much as to A ; to C, as much

as to A and B; and to D, as much as to B and C. How much

does he owe to each of them? Y = . 7 '
14. A boy bought 2 oranges, 3 pears, and 4 apples for 22
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cents. He gave as much for a pear as for 2 apples ; and twice
as much for an orange as for a pear and an apple. What was
the price of each? - X' = /}): - -/” L J, w7

15. The age of A is double that of B; the age of B is three
times that of C; and the sum of all their ages is 140 years.
‘What is the age of each?" < ¥

/: é r\:

16. Generalize by letting A’s age be m times B’s, and B’z‘

n times C’s; and the sum of theig ages be a years.

17.- A man left an estate of $60,000, to be so divided ‘e-
tween his widow, 3 sons, 2 daughters, and a ward, that each
daughter should receive twice as much as the ward, each son
as much as the ward and a daughter, and the widow twwe as

LSS

much as each son. What was the share of each? Y = v/ ¢~
18. How long will it take two men to build 38’7{'03,3({ v
. . .

wall, if one build 4 and the other 5 rods a day? N
I Let = = the number of day.
8Y’4 1 . i VS )
19. Generalize the preceding example, by letting a repre-
sent the number of rods in the wall, and m and n the number
. each could build respectively a day.’«v :: ' ) n
\ 20. Four brothers gained, in a year, ﬁ75g ; of which B
gained three times as much as A ; C gained as much as A and

,’_,./B and D gamed as much as B and C. What sum was gamed -

by each? ¥ < J//, Sy s A
21. In how many hours will a cistern, containing 264 ga.l
lons, be emptied by 3 cocks ; one of which discharges 2 gallons
* in 15 minutes; the second, 5 gallons in 30 minutes; and the
i tlnrd 3 éallous in 45 ml/xpttes ?

- 1 o
NOTE —Fmd how many gallons each discharges in an hour. !

RN
.

22. One man leaves New York for Boston, and travels 9°

- miles an hour; another man at the same time leaves Boston
for New York, and travels 7 miles an hour. In how many
hours will they meet, the cities being 224 miles apart? __

“;/ 3
N )
-

—————
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23. Four boys, A, B, C, and D, upon counting their money,
found they all had $30; of which sum A’s share was three
times greater than B’s; C’s share was equal to B’s, and onc-
third of A’s; and D’s share was equal to A’s, and half of C’s. 5

hat v, the shar L e e e

2Z A aai?ed B how much moncy he had B replled that ‘

. /‘ if he had seven times as much, he could lend four times what
he then had, and have $69 lgft. How much had he IRV R

25. Generalize the last example by supposing that if B
had a times as much, he could lend b times what he had, and
have c dollars left. B

26. A father is seven, and a mother five times as old as
their son; and the dlﬂ'erence of t Jxelr ages. is ],6 years How
old is the son ? - < - /v =35

, 27.,A man dxrected in his will, that his property should
/ e 50 divided that his son should have three times as much as
"/'/lﬁis daughter, and his widow twice as much as both her child-
ren ; by which division she received $8235 more t.han theson. ~ -/ /%
What was the share of each ? Co e

28. A farmer employed two men to build 105 rods of wall ;

.,v;'i one of whom could build 4 rods a day, and the other 3..
How many days did they work? . -

29. A laborer, who spent every week as much as he earned
in 2 days, saved 32 dollars in 4 weeks. What were his daily
] wages? -\ _—

30. A man left an estate of $21,546 ; one-third of which he
bequeathed to his mdy/ and directed ﬂ’le remainder to be so
divided between his 27Sons and 2 daughters, that each son
might receive as much as both the daughters What was the
portion of each? ° e e ‘

31. Three travellers found a purse containing $5¢ ; of which

™ Bsecured three times as much as A, and C secured half as
much as both of the others. What was the share of each s - |
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A 32. Two men, A and B, start ffom the same place, and travel
e same way; A at the rate of 45 miles a day, and B at the
rate of 30. In how many days will they be 300 miles apart ?

. 33. If they were to travel in different dxrecnons, in how
ﬁy days would they be 300 miles apart? ? ‘ ,-5 (
34. (eneralize both these last questions, b lettmg aand b < -

present the respective ra.tes a day, a.nd d represent the dis-
tance they were to be apart. e

©

[

ot

- Problems in Interest.

We will conclude this section by generalizing the problems
in simple interest.

85. Find the interest of $20 for 5 years at 6 per cent.

The principal, $20, multiplied by .06, the rate for one year,
would be the required interest for one year. If it were re-
quired to find the interest for 5 years, then $20 X .06 X 5
would represent the interest.

To generalize this question,

Let p represent the principal,
¢t the time,
r the rate, and o
1 the interest.

Then as r X p equals the interest f8 one year,

t X r X p will equal the interest for ¢ years. Hence,
t=trp.
This formula translated into words, gives the following rule :
/ 145. The INTEREST s equal to the principal, multiplied by
the time and rate.

From the equation © = #rp, or trp = <, we may ﬁnd succes-

sively the values of ¢, », and p. Thus,

t—= 1——;7; ‘that is,
10% H
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148. The TIME is equal to the interest divided by the producs
of the rate and principal.
" 86. The interest t.xme, an rate bemg given, find a formula
for the principal.

37. The interest, time, and grincipal being given, find a
formula for the rate. <% w~ =

'88. Required the interestof 6 for 4 years, at 5 per cent.

Nore.—Substitute in the proper formula. } a ,0

39. The interest being $148.10, the rate 5 per cent., and
the principal $740.50, what is the time? . é’ ? w2

><40. Required the principal, the interest being $26.25, the

rate 6 per cent., and the time 3} years. / Ty~

41. Required the rate, the principa] being $286.25, the
interest $34.35, and the time 2 years. & ¢~ ~ . .- /"

42. What i is the amount of $756.26 for 4} years, at 53 per
cent.? ' T 33,9

To generalize this question, let a represent the amount;
then since the amount is found by adding the principal to the
interest,

a=p + trp. Separating into factors,
a=p(1 4 tr); that is,

147. To find the AMOUNT, add 1 to the product of the time
and rate, and multiply the sum by the principal.

Perform the example given above by this rule.

43. What principal will amount to $517.73 in 3 years, at 5
percent.? - Jy 1 A

Note.—The ]')rincipal, in this case, is called the present worth of
$517.78 due in 8 years at 5 per cent. To find a formula for the

present worth, we change the equation @ =p -} trp, member for
member, thus, p 4 trp =a; or,

p(1+4 tr) =a. Dividing by 1 4 ¢r,

__a
LA gy

Hence,
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148. To find the PRESENT WORTH, aad 1 to the product of
the time and rate, and divide the amount by the sum.

Perform exathple 43 by the above formula.

44. The amount being $500, the_principal $400, and the
rate 5 per cent., 'what is the time? < "¢; ¢ ceto '

Ve
In the equationp +- trp = a, transpose p. ,
trp =a—p. Divide by

a—p

2

Nore.—8ubstitute in the formula; interpret all the symbols (5.
Note). .

F—

This formula for ¢ is evidently the same with ’%, gince the

principal, subtracted from the amount, gives the interest.

. 45. The amount being $700.50, the prmclpal $350.25, and
the time 25 years, what is the rate?

Note.—Make a formula for the rate and substitute as above.

46. In what time will $100 be doubled at 6 per cent.?

Here ¢ =p, hence p=trp, or 1 =1, t=.}‘_

SECTION III
EQUATIONS OF THE FIRST DEGREE.

1. What number is that, which, being increased by }, §, 3,
and {4 of 1taelf becomes 146 7

Let £ — the number.
Then z + 2 4 22 4. % FL =146, Multiplying by 28

(139), we have 28z - 14z 4 21x 4 8z 4 2= 4088. Re-
ducing, . 782 =4088.
x=56.
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28 is the least common multiple of the denominators, 2, 4,
7,14. We might have mdicated the product in the second
member thus: 146 X 28. Then dividing by 73 we should
have 2 X 28 — 56 for the value of x. There are various
gimilar means of shortening labor in the solution of equations,
which the learner will acquire as he advamces.

2. What number is that whose mth part exceeds its nth .
part by a?

Let z = the number.
then = —Z=aq.  Clearing of fractions,
nz — mx = amn. Separating into factors.
z (n—m) =amn. Dividing by n — m (138),

amn
T =

n—m

8. What number is that, whose sixth part exceeds its eighth
part by 207 </ < ,

Nore.—Substitute in the above formula.

4. Says A to B, “If to my age } and § of my age be added,
the sum will be 81 years; what is my agel% , . /"3 ;

. . t by’

5. Generalize this example, thus: if to my age lz and g- f - =,
my age be added, the sum will be.c years. What is my age?—

6. A man, having spent three-fifths of his estate, had $978
left. How much had he at first? .~

7. Generalize the 6th, by letting % represent the part of

’AL I ‘
in
the estate he spent, and @ represent the part he had left.

8. A man spent } of his life in’ England,  of it in Scotland, X
and the remainder of it, which was 20 years, in the United
States. What was his age? ., /

9. Whatnumbermthatiofwhmhmgreaterthan#oflt
by21? . NS /
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_ 0.Geemlizethus;lisgreaterthangofitbya. 4’1‘”’?{
m g T gy _am
11. A man, driving his geese to market, was met by anothz,
gaid, ¢ Good morrow, master, with your hundred geese.”
Said ke, “T have not a hundred; but if I had as many more,
and half as many more, and two geese and a half, I should
have a hundred?” How many had he? 3 y 2

/]’/’1% If 2 of & ship cost $4000, what is the whole ship worth ? )&, ~

13. Generalize by letting the.%n cost b dollars. (5. Note.) £ ——::
A

\14. A man sold 75 bushels of wheat to two persons; to one,
, and to the other, § of all he had. How many bushels had
he? 2,00

\ 15. A man-gave to three poor pers;)ns $6; to the first, ],
the second, }, and to the third, } of all the money he had
in his pocket. How much had he? %

" ¥6. A and B divide $320 between them, of which B has
/)/three times and # as much as A. How much has each? See
aw.. 4 ~pn, "ArsTa
17. A says to B, “ Your age is twice and § of my age, and
Me sum of qur ag is 54 years.” What is the age of each? J’

,18. If y"(‘)u divide $50 between two persons, giving one §
% much as the other, what will be the share of each ? \

N
-

19. A stanger in/Boston spent, the first day, 1 of thévmoney' >
he brought Wiﬁl him ; ‘the second day }; and the third day, -
%; when he had only $26 left. How much money did he
bring? | D

4
20. A man, having invested § of his property in bank stock,
by which he lost  of the sum invested, had stock worth $723
remaining. How much property had he at first? 4~ / /'

A
=/
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« = sum he had at first.
?—_mvested in bank stock.

8
8z =
29’81’—3_723< ,

21. A merchant retired §0rt business when he had passed
—95 of his life, during £ of which period he had been engaged
in trade, having commenced 8t the age of 21. At what age
did he die? " 5

22. The age of A is } that of B, and the age of C is § that
of A, and the sum of a.ll their ages is 120 years. What isthe
age of each? | 2 { n)l o

23. Three boys spent 98 cents for fruit. B spent § as
much as A, and C spent § as much as B. What did each

spend? . 334 oL .
24. If you divide $75 between two men, in the ratio of 2
to 8, what will each man receive? - ° Lis

b

Nore.—The ratio of 2 to 8 is expressed by the fraction &, see
(127); dut in stating the question, we must be careful to notice
whether z represents the larger or the smaller of the two quan-
tities.—If, in this example, 2z denote the larger sum, then the

smaller will be 4 of z or -28_ but lf z denot.e the smaller, then the

larger will be § of z or % Or, in generdl, if two quantities are to
,each other as a to b, & being larger than g, than the larger will be the
4 part of the smaller, and the smaller the {. part of the larger.

a

25. Generalize the above example, by having the smaller
part to the larger, as m to n; a.nd the sum of the two parts
equal to @. ;. o,

,‘-f\m . ~
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26. Divide 84 into tzvo numbers, which shall be to each
other as 7 to 5. lﬁd
27. What two-fiumbers are to each other as4 to 9, their
sum bemg 91?2.7Y € 3
28. Three men trade in company, and gain $780. "A put
. in $2 as often as B put in $3 and C put in $5 What part of
the gain must each one receive ? ¢ 4 ¢. /3.039 .4 j/ o

® Nore.—As A put in $2 as often as B put in $8 and C put in
$5; their shares of the stock must be respectively as 2, 8, and
5. Hence the gain must be divided in the sama ratio; that is,

if z represents A’s share, %i will represent B’s, and 521 C’s.

29. If A puts in o ®llars, as often as B does b dollars and
a8 C does c dollars, how shall the whole gain, which is » dollars,
be divided ?

If 2 — A’s share of the gain,

b bax

then x )X — or — = B’s,
a a

nnd:cxflor"3=0’s,
a a

z+’§+%’°=n. Multiply by a,

- ax + bx 4+ cx =an. Take out the factor z,
a:(a+b’+c)=an Divide by a + b+ ¢,

an b
w=a+b+c a+b+ X a = A’s share.
bx a b n’ n

a a+b+t+c"a afbtec a+b+"cxb

cx an (4 cn

n
. X;=a+b-|—cora+b'+cxc

From these formulas we derive the following rule:
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149. (1.) Divide the whole gain (or loss) by the sum of the
proportions of the stock ; and then multiply this result by the
proportion of each ;

(2.) Divide the product of the whole gain multiplied by
each man’s proportion of the stock, by the sum of the propor-
tions of the stock.

Perform the three following examples by this rule.

30. Three men, A, B, and C, trade in company, and gain,
$1350. Now, if A put into the joint stock $7 as often as B
put in $6, and B put in $6 as often as C Eut m 85, what is
eachmansshareofthegam?—jlfﬂﬁ.. 4’5 Od}j/f

381. Divide 8736 dollars among three men in such a manner,
that their shares shall be to each oth@} as the numbers 3, 4,
and 5, respectively. <A ./ . wea, PREFRN

82. Two traders, A and B, found that they had gained, at
the end of the year, 3792 dollars. A having put $5000 and
B 87000 into the joint stock, what is each man’s share of the
ginls /- & ., b 20

! Nore.—Their stocks are as 5 to 7.
\A 33 Fqur towns are situated in the order of the four letters,

SBYED. The distance from A to D is 102 miles. The
distance from A to B is to the distance from C to Das 2 to 3;
and } of the distance from A to B, added to } the dlstance
from C to D, is 3 times the distance from B to C How far
are the towns apart ? - N

-

84. Two young men began to trade at the same time, the
capital of A being to that of B as 7 to 6. The first year, A
gained a sum equal to } of his capital, and B lost } of his.
The second year, A lost § of what he then had ; and B’s gain
was to what remained of his original capital, as 2 to 5. At the
beginning of the third year, the two had $2450. What was
the ongmal capital of each?
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Let z — A’s capital :
® 6z

T —PB «
7 B’s |
' z+ gor %m = A’s at the end of the first year
f.)zx B’s, first year.
6z 9 3z ,
F—%=—_A|s capital,2d year.
2x

Tx+7=w=B’s capital, 2d year.

85. A gentleman, by his will, divided his plgﬁerty equally
between his son and. daughter; and the son, having spent 2
of his portion, had $7268 left. How much property had he?.~ .

36. A man, being asked the age of his dn.ughter, replied,
“ My age is to hers as 4 to 1, and her mother’s age is to mine
as 7 to 8, and the sum of all our ages is 102 years.” What
was the daughter’s age? cd

87. A trader, having mcreased his capital by § of itself,
lost 1 of what he then had ; he afterwards ghined a sum equal
to 1 of the remainder, when he was worth $3935. What was
his capital? 1/ 7 '

88. The breadth of a certain building is to its height, as 9 to
- 7; and the height is to the length as 3 to 5; the sum of the
length and breadth is 124 feet. What are the dimensions of
the buxldlng?é A -

Note.—In this example, as the height is compared with both the
length and the breadth, it is easier to let z = the height.

State the question in three ways: First, let z— the height,
second, let x — the breadth; third, let z— the length.

u“ T S ' N
r..)

V4

3

/

’ S Sk A

L
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SECTION IV.

EQiIATIONB OF THE FIRST DEGREE.

1. Divide 42 into four such parts that the first shall be 5
more than the second, 8 less than the third, and 9 more than
the fourth. .

Let z — the first,
 — 5 = the second,
« + 8 = thethird,
z — 9 = the fourth.
Uniting the terms 4 — 6 —42. Transposing (33), (136).
4x =42 4 6 =48. Dividing by 4,
z=12. \
z—5=T; x4+ 8=20; and x —9 =3.
Proor. 12 4 7 4 20 4 3 =42.

2. An express had been travelling 5 days, at the rate of 60
. miles a day, when another was despatched after him, who
travelled 75 miles a day. In how many days did the latter
overtake the former?
Let  — the number of days,
‘Then (5 % 60) or 300 - 60:c = No. of milestravelled by the 1st,
75z = do. do. 2d.
300 4 60z — 75x. Transposing, '
60x — 75x — — 300. Reducing,
— 15z = — 300.

Changing the signs in both members (which is equivalent
to transposing and changing the equation member for member ;
thus, 300 = 15z), we have

+ 152 = + 300. Dividing.
a =20, the number of days.

e
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3. Let a represent the sum of two members, and b represent
their difference. What are the numbers ?
Let = the smaller number,
Then = 4 b = the larger.
4z 4 b=a. Transposing and reducing,

22 =a—b. .
x = Z—%E or %—— ‘—b, the smaller number.
Substitate the value of z to find the larger, thus
(21—— + b = the larger Reducing,

a

Stating the formula ;- -+ ;T and %—— % in words, we have the
following rule :
150. Wken the sUM and the DIFFERENCE of two numbers

-are given ;—
(1.) 7o find the GREATER, ADD half the difference to half
the sum ; .
(2.) To find the LEsSS, SUBTRACT half the difference from
half the sum.
.4. The sum of two numbers is 175, and the difference 81,
what are the numbers ?

Here a__175 and 5=281. Substituting in the above

formula,
a b 175 81 256
§+§=T+_2_° —2—-_128 the]arger,
andg-—é.:.1_7_5_8_1 94—47 the smaller.

' 2 2 2 2 2
- In the same way solve the five following examples.

5. The salaries of two men, A and B, amount to $3529 per
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e
annum; and A receives $721 more than B. What is the

/#uyofeach%/(/&:’/, 2
“Te.

/(

et

—

Lo

A gentleman paid $387 for a horse and chaise; and the
chaise cost $75 n?re té:jm the horse. What was the price of
each? «-

7. A man left an estate of $9134, to be so divided between
his widow and son, that the former should receive $1486 more
than the latter. What was the share of each? =~ ' = o

8. A’s farm contains 12 acres more than B’s; and the two
farms together contain 162 acres. Required the number of
acres in each. ~A | -7 5

9§Says A to B “If you will give me 16 dollars, I shall
have as much money as you; and we both have 130 dollars.”
How much money has each? ¢ - >e

/

0. Three men, A, B, and C, trade in company, upon a
caplta.l of $3981; of which B furnished $337 more, and C
$181 less, th n ?_ _What was the share of each”"////, 0 l U) ]
n

11. A men foff da estate of 89931, to be divided between
his widow, son, and daughter, in such a manner, that the son
should have $522 more than the daugher, and $592 less than -
his mother. Required the portion of each.

12. THe water had been flowing fromn a full cistern 6 hours,
at the rate of 12 gallous an hour, when a pipe was conducted
into it, which restored 21 gallons an hour. In how many
hours was the cistern full again ? P

Let = number of hours,-~ -
Then 21z = gallons by 2d pipe,
(z + 6)12 = gallons by 1st pipe.

13. A father is three times as old as his son; but in 20

years he will be only twice as old. What is the age of each ?

J4 When a boy woul«} buy a certain number of oranges at

,‘ . 3.1.—:—1
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6 cents apiece, he found they would come to 12 cents moge
than he had; he, therefore, bought the same number at 5
cents each, and had 6 cents left. How many oranges did he
buy ?

Let x = the oranges,
en 6z — 12 — his money,

and 5z 4 6 ly &
trree ti tllepfn

and 64 — x = the second. ’ J/J’Jzo <Y

6. Generalize the above question thus. Divi tq}!p
such parts that m times the first shall be equal ¢
seocond. ythp !

Let:r,_the first part,

h
Thenm:r. n(a _Z:ie(:gf

_an - 17 )
x(m + n) =an. 7 R
z=— the seeonﬁ e o

Substituting the value of z in @ — z,
a—s=a— "L’. Reducing (116),
am+an—an
praa =— + , the first.
17. Substitute 28 for a, 4 for m, and 8 for n, in the
above formula, and find the particular answer to the question.
18. A pole is'4 feet in the ground, } of its whole length
under water, and 1 above water. Required its length.
19. The head of a fish weighs 8 Ibs.; his tail weighs as
much as his head and half his body, and his body weighs as
-mnch as his head and tail. What is the weight of the fish ?
Nt t .

aAR— T —
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Let = = the weight of the body,

; + 8 = the weight of the tail,
and z 4 (’25 + 8) + 8 = the weight of the fish.

Also, z—8+f+8 .

0. A man, being asked his own and his wife’s age, said,
" that {us youngest chil whas 4 years old ; that the age of his
wife was twice the age of the child and { of his own age; and <
that his own age was equal to the united ages of his wife and
child. How old were they ? ‘

21. A merchant has wines at 9 shillings, and at 13 shillings,
per gallon; and he would make a mixture of 100 gallons, that
shall be worth 12 shillings per gallon. How many gallons of
each must he take ? . .

2 = gallons at 9s. T
100. — z — gallons at 13s,,
9z 4 (100 — z) X 13 =100 X 12.

22. Generalize thus: Mix wine at o and at b shillings a
gallon, so as to make n gallons at ¢ shillings per gallon.

23. How many gallons of wine, at 9 shillings a gallon, must ~3
be mixed with 20 gallons at 13 shnllmgs, that the mxxture v
may be worth 10 shillings a gallon?, ¢ - - j/(" )

24. A merolunt having mixed 10 gallons of wine, at 8
shillings a gallon, with 25 gallons at 10 shillings, wishes to
add as much wine at 15 shillings as shall make the whole mix-
ture worth 2 dollars a gallon. How many gallons must he
take? See (141).

25. How many gallons of water must be mixed with 35
gallona of wine at 9 shillings, and 45 gallons at 13 shillings,

a gallon, that the whole mixture may be worth 10 shillings a
gallon ?
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26. A clerk spends # of his salary for board and lodging, 2
of the remainder in clothes, and saves $150 per annum. What
is his salary ?

27. What is that number,} and  of which is 35 more than
its sixth part?

28. Twe men, A and B, have each $80. A spends $5
more than twice as much as B',and has then half as much as
B, wanting $13. How much did each spend ?

Let = what B spends,
2z 4 5 = A spends.
80 — z — B has left.
80—(2z 4 5) or80 — 22 — 5 = A has left,
80 —=x
75 — 2z = 3 —q3-

29. Divide 84 into two such parts, that if 1 of the less be
subtracted from the greater, and } of the greater be subtracted
from the less, the remainders shall be equal.

Let « — the greater,
and 84 — x — the less.

a— P8tz % Clearingoffrac
tions and subtracting (121),
\ 82 —336 4 40 =672 — 8z — =.

151. In an egquation, when the sign — precedes a fraction,
the signs in the numerator must be changed, when the denomi-
“nator s removed. .
" The reason of this may be seen by including the numerator
in a parenthesis as we remove the denominator; thus, 8z —
4(84 — x) =8z — 336 }-4x.
80. Separate 72 into two parts, such that if  of the less be
subtracted from the greater, the remainder may be equal to 2
the less.
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81. Generalize this by separating @ into two parts, so that
if 7 of the less be subtracted from the greater, the remainder
n

may be equal to% the less.

32. Two clerks, A and B, sent venturcs in different vessels,
A’s being worth only § as mych as B's. A gained and B lost
$23; then  of B’s returns, subtracted from A’s, would leave
3 of the value of A’s venture. How much did each send ?

33. A gentleman bought a watch and chain for $160. If
§ of the price of the watch be subtracted from 6 times the
price of the chain, and .5 of the price of the chain be sub-
-tracted from twice the price of the watch, the remainders will
be equa.l.nﬂVhat was the price of each? '

34. A person, being asked the time of day, replied, “If to
the time from noon be added its }, 1, }, and }, the sum will
be equal to the time till midnight.”” Required the hour.

Let 2 — the time from noon,
12 — z — the time to midnight.
Nore.—Reduce the answer to the fraction of a minute.

85. A certain number, when divided by 16, gives such a
quotient, that the sum of the dividend, divisor, and quotient, is
84. What is the number?

86. Generalize by substituting a for 16 and & for 84.

87. There are two numbers in the proportion of 3 to 4 ; but
if 24 be added to each of them, the sums will be in the pro-
portion of 4 to 5. What are the numbers ?

38. What number is that which, being added to 5, and also
, multiplife‘,dl)yiﬁ, the _\grodéwg/shal} l;e -% times the pumy, 7

39. A man, having spent $10 more than } of his moncy,
had $15 more than } of it left. How much had he?

. /.
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40. Divide-72 into two unequal numbers, so that, if § of the
less be subtracted from the greater, the remainder may be
equal to 2 of the number which remains, after the excess of
the greater above the less is subtracted from the less.

x =the less,

: 72 — z — the greater,

(72 —x—x) or 72 — 2 — éxcess of greater above the less.

41. If A can dig a certain trench in a days, and B can do
it in b days, in how many days will théy both do it ?

Let 2 — the number of days,
then 1 = what both do in one day.
Lo

But %‘ + % = also what both do in one day. Hence,
1 1 1
. 2tz
Nore.—Interpret the formula in words, and perform the following
example by it. .
42. If A can dig a well in 16 days, and B can dig it in 20.
days, how many days will it take both to do it? /4 ¢

SECTION V.

EQUATIONS OF THE FIRST DEGREE.

1. What number is that, to which if there be added 1, 3,
and } of itself, the sum will be 50 ?
2. A person, upon being asked his age, replied, that }
exceeded § part of it by 5 years. What was his age?
" 3. A trader gave three checks, amounting to $94; the first
I.
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for }, the second for }, and the third for }, of the money he
had in the bank. How much had he?

4. Find two numbers, in the ratio 'of 2 to 1, such that
if 4 be added to each, they will be in the ratio of 8 to 2. -

5. In the composition of a certain quantity of gunpowder,
% of the whole and 10 pounds were nitre; } of the. whole,
wanting 4} pounds, was sulphur; and the charcoal was } of
the nitre, wanting 2 pounds. How many pounds wcre there ?

Note.—The sum of the pounds of nitre, of sulphur, and of char-
coad, must be equal to the wkole number of pounds in the gun-
powder.

6. A person, being asked the time of day, answered, that
the time past from noon was equal to 4 of the time to mid-
night What was the hour?

7. A privateer, running at the rate of 10 miles an hour,
discovers a ship 18 miles off, making way at the rate of 8 miles
an hour. In how many hours will the ship be overtaken ?

8. Required two numbers, which are to each other as 8 to
2; and whose sum equals } part of their product.

Let x = the larger,

gg = the smaller,

x bz
2 + ? or —3— = Bum’
22 — product,
Sz 2
3 9°

This is an ‘equation of the 2d degree, but as = is a factor

in every term, dividing by x, we have é g, an equation of
the first degree.
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9. Generalize the preceding question, by supposing the’
larger to be to the smaller as m to n, and their sum to be

7 part of their product.

19. Divide 48 into two such parts that the excess of the
greater above 20, may be three times the excess of 20 above
the less.

11. A father leaves $1600, to be divided between his widow,

- son and daughter, in such a manner that the widow is to have
200 more than the son, and the son $100 more than the .
daughter. What is the share of each?

)( 12. A man leaves $11,000, to be divided between his widow,
two sons, and three dauzhters. By his will the mother is to
receive twice as much as one of the sons; and each son is to
receive twice as much as a daughter. How much is each of

_them to receive ?

» 13. An estate is divided between three men in such a
manner, that A receives $1000 less than 1, B $200 less than
1, and C $500 less than } of the whole. What is the value of
the whole estate, and what is the share of each individual ?

14. A father leaves his property to four sons, who share it
in the following manner: A has $3000 less than }; B has
$1000 less than 3; C has }; and D has 8600 more than } of
the property. What is the whole amount bequeathed ? and
thé share of each of the sons?

- 15. Divide 76 into two such parts, that the quotient of the
greater, divided by the less, may be 37.
Let x == the less number,
then 76 — z — the greater.

16. Divide a into two such parts, that the quotient of the
greater by the less, may be &.
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17. A man has two silver cups, having but one cover for
both. The first cup weighs 12 ounces; and when it is
covered, it weighs twice as much as the other cup; but if the
second cup be covered, it weighs three times as much as the
first. Required the weight of the cover and of the second
cup. .

Let x — weight of the cover,

x4 12
2

= weight of second cup.

18. If a certain number be divided by 7, the sum of the
dividend, divisor, and quotient, will be 71. What is the num-
ber?

19. What is that number, of which } is as much smaller
than 65, as twice the number is greater than 640 ?

20. Two persons, A and B, are 320 miles apart, and travel
towards each other; A at the ratc of 9 miles an hour, and B
at the rate of 7 miles. In what time will they meet, suppos-
ing them to start at the same time? Ilow many miles does
each travel ?

21. Two brothers, A and B, had the same annual income.
. A spent all of his, and § more; Bsaved } of his. At the end
of 10 years, B paid A’s debts, and had $160 left. What was

their income? o

Norz.—A’s annual debt is ..;_.

22. A farmer planted corn in 4 fields. The third produced
9 bushels more than the fourth ; the sccond, 12 bushels more
than the third; the first, 18 bushels more than the second;
and the whole produced G bushels more than 7 times as much
a8 the fourth. What was the whole number of bushels ?

28. Two men have equal sums of money. One having spent
$39, and the other $93, the onc has but half as much left as
the other. How much had each?
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24. What is that number, which being added to 24 and to
36, the sums will be to each otheras 7 to 97

25. A laborer receives 3s. 6d. every day he works, and for-
feits 9d. every day he is idle. At the end of 24 days, there
is due to him the sum of £3 2s. 9d. How many days was he
idle ?

Let z = number of days he was idle,

and 24 — x — number of days he worked.
Also see (141).

26. A laborer was employed for n days, with the under-
standing that he should receive & shillings for every day he
worked, and forfeit ¢ shillings for every day he was idle. At
the end of the time, he received a shillings. How many days
was he idle ?

27. Two persons, A and B, have each an annual income of
$100. A spends, every year, $40 more than B; and, at the
end of 4 years, they both together save a sum equal to the
income of either. What do they spend annually ?

28. A gentleman leaves $315, to be divided among four:
servants in the following manner: B is to receive as much as
A, and } as much more; C is to receive as much as A and B,”
and } a3 much more; D is to receive as much as the other
three, and 1 as much more. What is the share of each ?

29. What number is that, which being multiplied by 4, and
30 subtracted from the product, and being divided by 4, and
30 added to the quotient, the sum and difference shall be
equal ? ’

. 80. A person, being asked his age, replied, “ If § of my age
be multiplied by } of my age, the product will be equal to my
age.” What was his age?
31. Two numbers are to each other as 2 to 3 : but if 50 be
12
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subtracted from each, one will be } of the other. What are
the numbers ?

82. In a mixture of wine and cider, } of the whole and 25
gullons was wine; and § of the whole, wanting 5 gallons, was
cider. Required the quantity of each in the mixture.

33. In a certain river is a post that stands 4 feet in the
ground ; at high water, § of the remainder is covered, while
only % of the whole post appears above the surface of the
water. Required the length of the post.

34. What number is that, to which if I add 13, and from
+% of the sum subtract 13, the remainder shall be 13 ?

35. Three men, A, B, and C, build 318 rods of wall: A
builds 7 rods, B 6 rods, and C 5 rods a day : B works twice as

many days as A, and C works } as many days as both A and .

B. How many days does each work ?

86. A farmer has his sheep in four pastures: in the first, }
of his flock ; in the second, }; in the third, & and in the
fourth, 18 sheep. How many sheep has he?

37. If a man fills a certain chest with corn, at 5s. a bushel,
he will spend all his money ; but if he fills it with oats, at 3s.
6d. a bushel, he will have £1 4s. left. How many bushels does
the chest hold ?

38. Three merchants, A, B, and C, engage in a speculation,
by which they gain $960. A put in $3 as often as B $7, and
C 5. What is each man’s share of the gain ?

Nore.—See Ex. 29, Section IIL.

39. Says John to William, “I have three times as many
marbles as you.” “ Yes,” says William ; “but if you will give
me 20, T ghall have 7 times as many as you.” How many has
each ?

———. \cr—

- -
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40. A wouan sclls eggs and apples; the eggs are worth 5
cents a dozen more than the apples; and 8 dozen of eggs are
worth as much as 13§ dozen of her apples, What is the
price of each?

41. Two travellers found some five-dollar bills in the road,
of which A secured twice as many as B; but had B secured 5
more of the bills, he would have had 3 times as much money
as A. How many dollard did each find ?

42. A man’s age, when he was married, was to that of his
" wife as 6 to 5; and after they had been married 8 years, her
age was to his as 7 to 8. 'What were their ages when they
were married ?

43. A gentleman gave $44 more for his chaise than for his
horse. Now, if 4 of the price of the horse be subtracted from
the price of the chaise, the remainder will be the same as if 2
of the excess of the price of the horse above $84 be subtracted
from the price of the horse. What did he give for the horse?

44. A man and his wife usually drank a cask of beer in 12
days; but when the man was from home, it lasted his wife 30
days. How many days would it last the man alone?

Let = denote the days it would last the man alone,

then 1_ what he consumes in one day,
x

-1— = what his wife consumes in a day,

30

= = what both consume in a day. Hence,
1 1

5=t

45. A and'B together can build a piece of wall in 8 days;
and, with the assistance of C, they can build it in 5 days. In
how many days could C build it alone? -
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46. Generalize this, by supposing A to build the wall alone
in a days; and that A and B build it in n days. How many
days will it take B alone?

47. A cistern has two cocks, one of which will empty it in
7 hours, the other in 9 hours. How long will it take both to
empty it? .

48. If ‘a reservoir can be exhausted by one engine in 7
hours, by another in 8 hours, and by a third in 9 hours, in
what time will it be exhausted, if they are all worked together 7

49. A reservoir can be filled by two hose companies in 12
hours, and by one of them alone in 20 hours. In what time
could the other fill it ?

50. In an orchard of fruit-trees, § of them bearapples, ] of
them pears, } of them peaches, 7 trees bear cherries, 3 plums,
and 2 quinces. How many trees are there in the orchard ?

51. A boy, being asked his age, answered, that if } and }
of his age and 20 years more were added to his age, the sum
would be three times his age. How old was he?

" 52. A father is 40 years old, and his soq is 8. In how many
yearswxll the father’s age be three times the son’s?

53. Two travellers, A and B, find a purse with dollars in it.
A takes out $2 and } of what remains, and B takes out $3 and
} of what remains; when they have equal shares. How much
money did they find ?

54. A grocer bought a quantity of oats at the rate of 2
bushels for a dollar, and as many more at the rate of 3 bushels
for a dollar ; and he sold them 5 bushels for 3 dollars, by which
he gained $10. How many bushels did he sell?

1 Let 2 — number of bushels of each kind,
' x

3 + g =price he 'gave,

2z bushels at § %—% = price he sold it for.
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55. Two clerks, A and B, have the same income. A saves

1 of his; but B, by spending $80 a year more than A, at the

- ond of 4 years finds himself $220 in debt. What was their
income ?

A spends annually 4%'1:

56. After spending } of my money, and } of the remainder,
I had $96 left. How much had I at first ? )
57. A traveller spends } of his money in Boston; } of the
remainder in Providence; $ of‘hat. was left in New York;
3 of the balance in Philadelphia, and had $30 left. How
much had he at first ? :
58. Divide 26 into three such parts, that, if the first be
multiplied by 2, the second byg and the third by 4, the pro-
ducts shall all be equal. >
59. Divide 56 into two such parts, that, the larger being
. divided by 7, and the smaller by 3, the sum of their quotients
y may be 10. $ear = » 3385€-Az1 1290 % =t
L\ 60. A cistern has three cocks; the first will ill Lf?ln% l;)urs, -4
™\ the second in 10 hours, and the third will empty it in 8 hours. ¥~ ‘73
In what time will the cistern be filled, if all the cocks are
running together ?
Let x — the number of hours required to fill it when all the
cocks are running. .

e- = the quantity in the cistern in one hour}
== the part of the cistern filled by the first in an hour,

= the part filled by the second in an hour,

the part emptied by the third in an hour.
1 1 1 .1 N
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61. A school-boy, being asked his sge, replied, that § of his
age multiplied by ;% of his age, would give a product equal to
hmage How old was he? baae T 3

7 s X
62. A person has a lease for 99 years; and, being asked 57 i
how much of it had expired, he replied, that § of the time past 7 =/t
was equal to $ of the time to come. How many years had the
lease run ?
2 = time past it had run,
99 — z — time it had to run.
63. What number is the@® which may be divided into either
two or three equal parts, and the continued product of those
parts shall be equal ?
z _x = T _ =
gXz @3 37y
64. A shepherd, driving a flock of sheep in time of war,
meets with a company of soldiers, who plunder him of half his
flock and half a sheep over; and a second, third, and fourth
company treat him in the same manner, each taking half the
flock left by the last and half a sheep over, when but 8 sheep
remained. How many sheep had he at first ?

65. A gentleman has two horses, and a chaise worth $150.
Now, if the first horse be harnessed,. the horse and chaise
together will be worth twice as much as the second horse ; but
if the second horse be harnessed, they will be worth three
times as much as the first horse. What is the value of each
horse ? °

66. Divide 54 into two such parts, that, if the greater be
divided by 9, and the less by 6, the sum of the quotients shall
be 7.

67. A farmer sells a quantity of corn, which is to the quan-
tity left as 4 to 5.  After using 15 bushels, he finds he has }
as much left as he sold. How many bushels had he at first
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68. Divide 84 into two such numbers, that the quotient of
the greater, divided by their difference, may be four.

6..- A laborer agreed to work for a gentleman a year for
$72 and a suit of clothes ; but, at the end of 7 months, he was
dismissed, having reoelved his clothes and $32. What was
the value of the clothes ?

Let z = the value of the clothes, ¢
then 72 + x = his yearly wages,
x . .
and 6 - = his wages per month. )

70. A laborer reaps 35 acres of wheat and rye. For every
acre of rye he receives 5 shillings; and what he receives for
an acre of wheat, if it were one shilling more, would be to what
he receives for an acre of rye as 7 to 3. For the whole he
receives £13. How many acres are there of each sort?

71. A man being agked how much money he had, replied,
“If you multiply my money by 4, add 60 to the product,
divide the sum thus obtained by 3, and then subtract 45 from
the quotient, the remainder will be the number of dollars I

have.” How much money hadhe? o+ .. .. y
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. CHAPTER V.

~ EQUATIONS OF THE FIRST DEGREE WITH TWO OR
- ° MORE UNKNOWN QUANTITIES.

.
v SECTION I.
® TWO UNKNOWN QUANTITIES.

ALL the examples given heretofore, have contained only
one unknown quantity. There are many cases where it is con-
venient, and others where it is necessary, to employ zwo
unknown quantities,

Where two unknown quantities are employed, there must

- always be two distinet equations. ‘l‘hen to solve these equations,

152. From the two eguations, containing two unknown
quantities, ONE equation must be derived, containing but ONE
unknown quantity.

The unknown quantity that is made to disappear, is said to
be eliminated. There are three methods of elimination, with
all of which the learner should become familiar, as it is some-
times convenient to use them all, in solving the same problem.

Elimination by eomparison.

1. A gentleman has two silver cups, and a cover adapted to
each which is worth £10. If the cover be put upon the first
cup, its value will be twice that of the second; but if the
cover be put on the second, its value will be three times that
of the first. What is the value of each cup?

Let x — the value of the first cup,
N and y == the value of the second,
Then (1) 10 + = =2y,
- and (2) 104 y=3=.
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If now we solve these equations, to obtain the value of 'z,
iustead of its being found in terms of krown quantities (133),
it will be found to contain terms of an unknown quantity, y.

Thus, 3) xz =2y —10, from equation (1),

10
“.) = ;- y

Since things which are equal to the same thing are equal to '
each other (16), we may put these values of x equal to each }
other, thus eliminating x and obtaining a single equation, con-
taining only one unknown quantity. Then,

() 2y —10 = 3’_‘§E Multiplying by 3,
.) 6y —30=y 4 10. Transposing,
6y —y =10 4 30. Reducing,
by = 40. Dividing by 5,
y =8, the price of the second.
The value of 2 may be found by substituting the value of
¥ in equation (3) or (4). Substituting in (3) we have,
=2 X 8 —10 =16 — 10, hence
. @ = 6, the price of the first.

from equation (2).

By this method of eliminati.on,—or elimination by com-
parison ;

153. The value of one of the unknown gquantities is found
tn each of the equations, and then a new equation s formed,
containing only the other unknown gquantity, by comparing
these values together.

2. There is a certain fraction, such that if 7 be added to the
numerator, the value of the fraction becomes 2 ; if 7 be added
to its denominator, it becomes 3. What is the fraction?

Let’z — the numerator,
and y — the denominator,

then 5 — the.fraction.
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We have by the conditions of the question,

7

a = ‘; —2,
@) y__’”ﬁ =1. Clearing of fractions,
(4.) de=y + ;.
®.) y="2 —
(6.) y=4x—T.
. 4m—7=”‘; .

82— 14—z + 1. *

72: == 21

x=23. Substituting this value of
« in equation (5), we shall have,
y=——

10_

=-—=25.
g: 4, the required fraction.

In these examples, as in all others, the first operation should
be to clear the equations of fractions. The learner should
exercise his judgment as to which quantity can be the most
readily eliminated.

3. There are two numbers whose sum is 120 ; and if 4 times
the less be subtracted from 5 times the greater, the remainder
will be 150. Required the numbers. ~

4. If the greater be added to half the less of two numbers,
the sum is 48 ; but if the less be added to half the greater, the
sum is 42. What are the numbers? ~ - o

.*. 5. A vintner has two sorts of wine, which, if mixed in equal

parts, will be worth 15 shillings a gallon ; but if 2 gallons of

\
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the first be mixed with 8 gallons of the second, a gallon of
the mixture will be worth only 14 shillings. What is each
sort worth ‘per gallon ?

Let 2 =—the pnoe of the first per gallon,
and y = the price of the second.
then z - y = (156s. X 2) = 30s.,
and 2z + 8y = (14s. X 5) ="T0s.
6. It is required to find two numbers, such that } of the
first and } of the second shall be 87, and 1 of the first and }
of the second shall be 55. ~

7. Says A to B, “6 years ago, your age was double mine;
and, in 4 years, my age will be § of yours.” What is the age
of each? _/

8. There is a number consisting of two figures or digits, and
if the number be divided by the sum of the digits, the quotient
is 4; but if the digits be inverted, and the number divided
" by 1 more than their sum, the quotient will be 6. What is
the number ?

Let = — the first digit,
and y — the second digit.
Then, gince the first digit is in the place of tens, we shall

have, : 10z 4 y = the number.
Now by the conditions of the question,
10z 4y 4
ety
W0y+=
c+y+1

9. A farmer sold to one man 10 bushels of corn and 12
bushels of potatoes for b4 shillings ; and to another, 2 bushels
of corn and 4 bushels of potatoes for 14 shillings. What was
the price of each per bushel ?

10. A gentleman gave to his two sons, A and B, 9800
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dollars, At the end of a year, A finds that he has spent Lof
his share; but B, having spent only } of his, has just as much
left as his brother. 'What was the share of each?

11. Says A to B, “Give me 6 dollars, and I shall have
4 times as much as you.” ¢ Rather give me 3 dollars,” says
B, “and I shall have just as much as you”” How many
dollars has each ? )

12. If I take 10 apples from A, he will still have twice as
many as B; but if I give them to B, they will each have the
same number. How many have they ? .

SECTION II.

ELIMINATION BY SUBSTITUTION.

1. A builder Jaid 5 men and 8 boys 42 shillings for work-
ing a day; he afterwards hired 7 men and 5 boys, for 62
. shillings a day. 'What were the wages of each?
Let 2 — the wages of a man,
and y — the wages of a boy.
Then.(1.) bx -} 3y =42,
and (2.) Tx -} by — 62.

Now if we find the value of « in the first equation, we may
substitute that value in the second, and thus from the two
equations, deduce one with one unknown quantity (1562).

. _ 42— 38y Substituting this
@) TETE O value,
) 7(4_L5—_21) + by = 62.
(5.) 294 — 21y 4 25y = 310.
— 21y 4 25y — 310 — 294.
4y == 16, and Y= 4.
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Substituting in equation (3) we shall have,
L_d2—12_380_

5 5
Ans. 4s. boy’s wages; 6s. man’s wages.

In thismethod of elimination,—or efimination by substitution,

. 154, The value of either of the unknown quantities, i3 found
in one of the equations, as if the other quantity were known ;
and then this value is substituted vn the other equation instead
of the quantity ttself.

2. If a certain room were 5 fi. broader and 3 ft. longer, the
floor would contain 422 square ft. more than it does; but if it
were 3 ft. broader and 5 ft. longer, it would contain 400 square
ft. more. What are the dimensions of the room ?

Let x — the length,
and y — the breadth,
then xy — the area, or number of sq. ft.
Now(1) (y+5)(x+3)=uaxy+422. [in the floor.
and (2.) (¥ + 3).(x+ 5) =ay 4 400.
(8.)zy 4 bx 4 3y + 15 =xy |- 422.
4.) zy + 8= + by + 15 = ay - 400. Transposing,

) 8% =400 — 15 — by.
385 —5
(6,) M X = T‘y"
S 5% .3&3__@ + 8y =422 —15.  Substituting
in(3), oW gy —4or.

1925 — 25y 4 9y = 1221.
— 25y 4 9y = 1221 — 1925,

* 16y = — 704
y =44 ft. the breadth of the
room ;
r=— 385—5x 44-——385 _220-—];62 =55, the length.

- 3 - 3 -8
13 K
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3. Says A to B, “Give me §8, and I shall have twice as
much money as you will have left; but if I give you $6, my
money will be equal to but } of yours.” How much has each ?

4. A gentleman has two horses, and a chaise worth $250.
If the first be harnessed, the horse and ehaise will be worth:

~~twice as much as the second horse; but if the second be har-

nessed, they will be worth three times as much as the first *
horse. What is the value of each horse? ’

5. A merchant bought two lots of flour for 8576 ; the first

7 lot for 85, and the second for $6, per barrel. - He then sold 8

“of the first lot and § of the second for $353, by which he gained
$11. How many barrels were there in each lot 7 See (141).

6. What fraction is that, whose numerator being doubled,
and denominator increased by 7, the value becomes 1 ; but the

/_denominator being doubled, and the numerator increased by 7,

!

the value becomes 1 ?
7. If 6 feet were added to each side of a hall, the breadth

* would be to the length as 6 to 7 ; but if 6 feet were taken from
“~each of the sides, they would be to each other as 4 to 5. Re-

quired the dimensions of the hall.

8. A farmer has 86 bushels of wheat at 4s. 6. a bushel,
with which he wishes to mix rye at 3s. Gd. a bushel, and
barley at 3s. a bushel, so as to make 136 bushels, that shall be
worth 4s. a bushel. How much rye and barley must he take ?

Let 2 — number of bushels of rye,
and y — number of bushels of barley.
Then z -} y + 86 =136,
and 86 X 41 4 31z J 3y =136 X 4.
See (141).5 . = SV, e *
9. If you multiply the greater of two numbers By 3 and the
less by 4, the difference of their products is 48; but if you
divide the greater by 4 and the less by 3, the sum of their
quotients will be 14. What are the numbers ?
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10. A gentleman, baving a quantity of gold and silver coins,
finds that 24 pieces of gold apd 40 pieces of silver will pay »
certain debt, of ‘which 5 pieces of gold and 15 pieces of
silver will pay } part. - How many pieces of gold, and how
many of silver, will pay the whole debt ? ®

x = the value of a piece of gold,
= the value of a piece of silver.

2%: + 495' =1, (that is, one debt,)
5/c + 199 1
11. There is a certain number consisting of two digits
whose sum is 6. If 18 be added to the number, the sum will
oonsist of the same digits inverted. What is the number ?

12. The area of a certain garden is 128 square rods; and if
the garden were 4 rods longer, it would contain an acre. Re-
quired the length and width.

Nors.—An Acre = 160 square rbdg<

d

W S

)

SECTION III.
TWO UNKNOWN QUANTITIES.
Elimination by Addition and Subtraction.

1. A man bought 3 bushels of wheat and 5 bushels of rye
for 88 shillings; he afterwards bought 6 bushels of wheat and
8 of rye for 48 shillings. What did he give a bushel for each ?

Let x — the price of theiwheat per bushel,
and y =g the price of the rye.
Thea (1.) 3z + 5y — 88.
and (2.) 6x 4 8y =48,

- -
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Now examining the coefficients of the unknown quantities
in equations (1) and (2), we find that if we multiply 3z by 2,
it will have the same coefficient with x in equation (2) Mul-
tiplying equation (1) by 2, we shall have,
® (8.) 6z + 10y = 76.

: (2.) 6z + 8y —=48. Subtracting equation (2),
N 7y =28.
y =4, the price of the rye.
Substituting the value of y in equation (1), we shall have,
8z 45X 4=38,
8z =388 —20 =18,
and z = 6, the price of the wheat.

Since the signs of 6x are both -, we subtract the less
equatlon (which is always determined by the known quantlty
in the second member) from the greater. Changing the signs,
we have,

6x 4 10y — 6z — 3y — 76 — 18, or, as above,
7y = 28.

In subtracting, the signs may be changed mentally, but great
care i necessary in this part of the operation.

2. A boy bought 7 oranges and 5 lemons for 55 cents ; and
afterwards sold, at the same rate, 4 oranges and 3 lemons for
82 cents. What was the price of each ?

Let = the price of an orange,
and y — the price of a lemon.
Then (1.) Tx 4 5y = 55,
and (2.) 4x 4 3y = 32.

Examining the original equations, we find that the coeffi-
cients of both x and y are prime to each other, but as the
coeflicients of y are the smaller, we wdl eliminate y.

v (8.) 21z 4 15y =165. Multlp]ymg equation (1) by 3.

(4.) 20z 4 15y = 160. Multiplying equation (2) by 5.

z=25.  Subtracting equation (4).
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4 X 54 3y=382. Substituting the value of zin equa-~

tion, (2), 3y =32—20=12.

y =4 ots,, price of the lemons.
We substitute in equation (2), as the ooeﬂiclents are smpler
8. Two boys, A and B, talking together, says Ato B,«“6
times my money added to 8 times yours, is $52; but 3 times
my money and 7 times yours, will amount to $32.” How much
- had each ?

Let z = A’s money,

; y = B’s money.
a 6x 4 8y == 52.
@) 8x 4- Ty =32,

It is evident on inspecting these equations, that it will be
easier to eliminate = than y. This may be done by dividing
equation (1) by 2,

3.) '8z + 4y — 26. Dividing equation (1) by2.
@) 8x 4 Ty = 82.
8_y =—6. Subtracting equation (3).
= 2, B’s money.

Substituting in equation (3),
8z -+ 8 =26; 3x.....26—8_._18
« =6, A’s money.

4. If twice A’s money be subtracted from 3 times B’s, the
remainder is $38 ; but if twice B’s money be subtracted from
3 times A’s, the remainder is $83. How much has each?

Let x — A’s money,,
y = B’s money.
1) 8y —gr=38,
.) 8z — 2y —83. ‘
(8.) —6x -} 9y = 114. Multiplying equation (1) by 8.
“.) 6x — 4y = 166. Multiplying equation (2) by 2.
5y — 280. Adding equations (3) and (4).
13 %
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Then y == 56, B’s money.
Sabst.ltutmg in equation (1), 8 X 56 — 2z —388.
168 — 88 —= 2x; 2z = 130.
2 == 65, A’s money..

- In equation (3) we made the terms containing % and y

change place, for the sake of having the similar terms under
each other. Since the signs of 6 are unlike, these terms will
cancel when added. We have then the following rule, for this
method of elimination: &

155. Having determined whizh of the unknown guantities
you will eliminate, make the coefficients of the terms, containing
that quantity, the same in both equations, either by multiplica-
tion or division.

If the signs of these terms are unlike, add both eguatums
together ; if alike, subtract the smaller from the larger

5. Says A to B, “} of the difference of our money is equal
t0 yours ; and, if yon. give me $2, I shall have 5 times as much
as you.” How much has each?

6. Required the number, from which if 27 be subtracted,
the digits of which: it is composed will be inverted ; the sum
of the digits being 9.

7. A man has money in two drawers, and $25 in his purse.

Now, if he put his purse into the first drawer, it will contain
% as much as the second; but if he put his purse into the
second drawer, it will contain %# as much as the first. How
much i8 in each drawer ?
. 8 Two. clerks, A and B, sent ventux’e;, by which A gained
$20, and B lost $50, when the former had twice as much as
the latter; but had B gained $20, and A lost $50, then B
would have had 4 times as much as A. What sum was sent
by each ?
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9. A farmer, having mixed a certain quantity of barley and
oats, found that, if he had mixed 6 bushels more of each, he
would have put into the mixture 7 bushels of barley for every
6 of oats; but if he had mixed 6 bushels less of each, he
would have put in 6 bushels of barley for every 5 of oats.
How many bushels did he mix ?

Nore.—That is, in the first case, they would have been to each
other as 7 to 6.

10. A person hasa gold watch and a silver one, and a chain
for botli worth $8. Now, the silver watch and chain are
together worth half as much as the gold watch; but when
the chain is on the gold watch, they are together worth three
times as much as the silver watch. What is the value of each ?

11. If a oertain volume contained 12 more pages, with 3
lines more upon a page, the namber of lines would be increased
by 744 ; but if it contained 8 pages less, and the lines on a page
were not 50 many by 4, the whole number of lines would be
diminished by 680. How many pages are there in the book ?
and how many lines on a page?

Nore.—zy will represent the number of lines in the book.

12. Two neighbors, A and B, possess 562 acres of land. If

A’s farm were 4 times, and B’s 3 times, as large as each of -

them is, they would both together have 1924 acres. How
many acres ‘has each ?

13. Two men owe more money than they can pay. Says A
to B, “Give me } of your property, and I shall be able to pay
my debts.” “If you will give me } of yours,” replies B, <1
shall be able to pay my own.” The amount of A’s debts is
$1500, and of B’s, $2125. How much property has each in
his possession ?

14. A trader bought at auction two pipes t.zont.aining wine.
For one he gave 8s. a gallon; for the other, 10s. 6d.; and the
whole came to £48. Having sold 25 gallons from the first

Y
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pipe, and 16 gallons from the second, he mixed the remainders
together, and added 15§ gallons of water. Afterwards, 53
gallons of the mixtare leaked out; and the remainder was
worth 8s. a gallon. How many gallons did each pipe contain ?

The following examples may be solved by any one of the
preceding methods of elimination, which best meets the nature
of the case.

15. Required two such numbers, that, if § of the first be
ed to § of the second, the sum shall be 66; but if § of the
first be added to } of the second, their sum shall be 60.

16 Two persons, A and B, talking of their ages, says A to
B, “12 years ago I was twice as old as you; and in 12 years
my age will be to yours as 3 to 2.7 What is the age of each ?

17. ‘A vintner sold to one man 16 dozen of sherry wine and
19 dozen of port, for $382; and to another man, 24 dozen of
sherry and 17 dozen of port, for $458 ;—the prices being the
same to both. What was the price of each kind of wine?

18. If you add 2 to the numerator of a certain fraction, its
value becomes 3 ; but if you add 2 to its denominator, the
fraction will be equal to . What is the fraction ?

19. The fore-wheel of a coach makes 5 revolutions while the
hind-wheel i3 making 4; but if the circumference of each
were one yard greater, their revolutions would be to each other
a3 6 to 5. What is the circumference of each in feet ?

20. A gentleman gave $4350 for a house-lot, the land being
valued at $2 a foot. If it had been 6 feet wider, it would
have cost $5894. What were the length and breadth of the
lot ?

21. T have a certain number of cents in each hand. If I
put 10 out of my left hand into my right, there will be twice
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«

as many in my right as remain in my left; but if I put 10 out
of my right hand into my left, there will be three times as
many in my left hand as remain in my right. How many
cents have I in each hand ?

22. There are two numbers such that if you multiply the
greater by 2 and the less by 3, the sum of their products is
101. And if you divide the greater by 4 and the less by 5,
the sum of their quotients is 10. Required the numbers.

23. If you divide the greater of two numbers by the less,
the quotient will be 7; and the amount of the numbers is
1008. Required the numbers

24. Two men, A and B, are employed to set up 220 rods
of fence. If A work 9 days and B 8, the fence will not be
completed by 2 rods; but if A work 8 daysand B 9, they will
be able to finish the fence and 4 rods more. How many rods
- can each build in a day ?

25. A man-had 32 gallons of wine, in two barrels. Wishing
to have an equal quantity in each, he poured out of the first
. into the second as much as the second already contained;
again, he poured out of the second into the first as much as it
then contained ; and, finally, he poured out of the first into the
second as much as still remained in it. Each barrel then con-
tained the same quantity. How many gallons did they contain
originally ?

SECTION IV.

EQUATIONS CONTAINING MORE THAN TWO UNKNOWN
. QUANTITIES.

156. When more than two unknown quantities are required,
there must always be as many equations as there are ugknown
quantities.

/
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. These equations are solved on the same principles as have
been already given; that is, we eliminate the quantities, one
by one, until we finally obtain a single equation with but one
unknown quantity.

Thus, if there are four unknown quantities, there must also
be four equations. From these four equations, we obtain, by
eliminating some one of the unknown quantities, three equa-
‘tions, with three unknown quantities. From these we deduce
two equations, with two unknown quantities ; from which again
we obtain one equation with one unknown quantity.

A great deal of care and judgment is required in selecting
the quantity to be first eliminated, and also the method of
elimination best adapted to the case. Practice will soon enable
the pupil to choose the shortest and simplest way of solving
the equations.

1. Three boys, A, B, and C, bought fruit at the same time.
A bought 4 oranges, 7 peaches, and 5 pears for 51 cents; B
bought 6 oranges, 8 peaches, and 10 pears, for 74 cents ; and
C bought 9 oranges, 3 peaches, and 2 pears, for 58 cents.
What was the price of each ?

Let = = the price of an orange,
y = the price of a peach,
and z = the price of a pear.
1) 4z + Ty + bz =51.
(2) 6x4 8y 10z="74.
(B) 9z +4 3y 4 2z=>58.

Upon inspection, it will be seen that to eliminate z by the
third method, will involve the fewest operations upon the
equations. Dividing equation (2) by 2, we shall have,

4) 8x+ 4y+ bz= 387

Q) 4x+ Ty+ bz= 51

6)®z+ 3y = 14. Subtracting (4) from (1).
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(2) O6z+ 8y +102= T4.
(6.) 45z + 15y + 102 =290. Multiplying (3) by 5.
(7.) 39x 4+ Ty =216. Subtracting (2) from (6).
We now have two equations with two unknown quantities,
and will proceed, by the same method, to eliminate y.
®.) Tx 4 21y = 98 = equation (§) X 7.
(9.) 117z 4 21y = 648 — equation (7) X 8.
110z ~=550. Subtracting (8) from (9)
a« =5, the price of an orange.

Substituting in (5), we have,
54 38y=14.
By=14—5=0. ’
- y =3, price of a peach.
Substituting in equation (3),
9X5+4+3X3842:=058.
2: =58 —45 —9—=4.
z =2, price of a pear.

If we had performed this example by the first method, we
should have had from the original equations—

x=51——7‘1/—5z.

) :

) 2=3T=H =% () reduced.

©) ' x=58—?;)y—-2z.

Then by (16),

o 51 — ZJ —b5s_ 33 — 4;, —5s And,
@) 37 —dy—5:_58—8y—2¢

3 - 9
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‘We have now two equations with two unknown quantities,
Clearing of fractions,
CH) 1568 — 21y — 15z — 148 — 16y — 20=.
(10.) 111 — 12y — 152 = 58 — 3y — 2a.
(11.) —21y—15z 4 16y | 20z—148 — 153. Trans-.
(12) —12y— 16243y 22=58—111. [posing.

(138.) — by + bz =—5.
(14) — 9y —1832=—58.
(15 ) y—z=1. Changing all the
signs in (13), and dividing by 5

(16.) =14z

583 —13z from equa-
ar. Y="9 " tion (14).
@18) 14:= 221

9 4 9z=—53—13z
9z 4182 =53 — 9.

22z —44.

z=2.

y=1-|—z=3.
_8T—dy—5:_3T—12—-10_15_
- 3 _ 3 3

"It will'be seen that this method is more complicated than
the third, since it gives rise to fractions. After- finding the
value of 2, it is easier to find the values of z and y by this than
by the other method. Weshould have shortened the process,
by substituting the value of y in (16), at once in (14); and
if we had eliminated z instead of x, the fractions would have
been simpler. 'We will now perform the same example by the
second method.

.
Resuming the original equations,

Q) 44 Ty+452=>51. -
“) 3z 44y 4 52 =37 —(2), divided by 2.
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. @) 9x+3y+ 2z =758, )
(5.) 2= W, from equation (4).
Substituting in (1), we have,

(6) 4z+4Ty437—8z—4y=>51.
.S@stituting in (3), we have,
(7) 9z+38y+ W — 58.
8. z + 3y = 14. Reducing in (6),
(9.) 45z + 15y 4 74 — 6x — 8y — 290. Clearing (7) of

fractioens.

(10.) 392 - Ty = 216. Reducingin (9).
az) =14 —8y. Substitute
in equation (10), .
13.) 546 — 117y -- Ty = 216.
— 110y = — 546 4 216 —— 330.
+ 110y = + 330.
y= 3.

:E=14—3y=34—9—5.
37T—3z—4y 37—15—12 10

g = == =—""2

5 5 5

2. A fruiterer sold to A 5 oranges, 6 peaches, and 7 pears,
for 75 cents; to B 8 oranges, 9 peaches, and 5 apples, for 94
cents; to C 2 oranges, 8 pears, and 10 apples, for 56 cents;
and to D 8 peaches, 6 pears, and 9 apples, for 48 cents. What
was the price of each ?

Let v — the price of an orange,
« = the price of a peach,
y = the price of & pear,

and z — the price of an apple.

1) 5v -6z 4 Ty = T5.

@) 8v 4 9z 4 5z =94.

3.) 2%+ 8y+102=56.

) " 8x 4 6y + 92 =48.
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We have here 4 equations with 4 unknown quantities,
but it will be observed, that only 3 of the unknown quantities
enter into each equation.. On examining the equations, we
find, that it will be simpler to eliminate x, since the coefficient
of x in equation (4), is a divisor of the coeflicients of = in
equation (1) and (2). ¢ °

(5.) 6x 4 12y + 182—96. Equation @ X2

(1) b5v46x4 Ty =175. '

(6.) —bv + b5y +182—=21. Subtracting.

(7) 9z + 18y -+ 272 = 144. Equation (4) X 3.

2) 8v+49= + 5z2= 94

8.)—8v 418y + 22z = 50.

We now compare equations (3), (6), and (8), each contain-
ing the unknown quantities v, y, and z, and proceed to elimin-
ate v. )

(8.) —8v 18y 4 22:= 50.

°9.) 8v + 82y gt 402 =224. Equation (3) X 4.
10.) 50y 4- 62z — 274,adding equations (8) & (9).
(11.) — 100 4 10y + 36z= 42. Equation (6) X 2.
(12.) 10v 4 40y + 50z =280. Equation (3) X 5.
(13.) 50y | 862 —=23822. Adding (11) and (12),
10) 50y -+ 62z —=274.
24z — 48. Subtracting (10) from (13).
z==2. Substitute thisvaluein (10),
50y 4 62 X 2=274.
50y =274 — 124 =150.

Dividing equation (4) by 3, z - 2y + 82=16. Substi-
tute the values of x and y, =16—6—6=16—12.

z=4.
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Dividing equation (3) by 2, » — 28 — 4y — 5a. Substitute
thevaluesofyandz, v =28 — 12 — 10 = 28 —23.

v==6.

3. Divide 125 into four such parts, that, if the first be in-
creased by 4, the second diminished by 4, the third maltiplied
by 4, and the fourth divided by 4, the sum, difference, product,
and quotient shall all be equal.

Let z, y, 2, and w, represent the parts.

Then (1) x4 y+ 24 w=125.

) z+4=y—4
(3) . x4 =4z
“) sd=7.

Now we may obtain from equations (2), (8), and (4), &
value for each of the unknown quantities, containing = alone.
If then, we subatitute these values, respectively, in equation
(1), we shall have one equation with one unknown quantity.

®) z+8=y.

(6.) z + 4.
o) 1z + 16 = w.
Substitutinig, we have,
®.) z+(z+8)+(“+4)+(4x+16)=125. Re-
ducing, 6z +2 + 4 101
24z <4 :z:—|-4=404.
252 — 400.
xTr—= 16
=z 4+ 8=24.
g=2 +4 =25.

w—-4x+16....80
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Perform two of the following examples by the Jfirst, two by
the second, and two by the third methods of elimination. The
rest may be done by that method, which seems preferable.

4. A miller sold to one man 12 bushels of wheat, 10 of rye,
and 16 of barley, for £9 2s.; to another, 7 bushels of wheat,
20 of rye, and 10 of barley, for £8 19s.; and to a third, 15
bushels of wheat, 8 of rye, and 20 of barley, for £10 5s. What
was the price of each per bushel ?

5. Find 3 such numbers, that the first with 1 of the other
two, the second with } of the other two, and the third with }
of the other two, shall each be equal to 34.

6. If A and B can perform a piece of work in 8 days, A and
Cin 9 days, and B and C in 10 days, in how many days can
each alone perform the same work !

* Let 2 — the days in which A can do it,
y = the days in which B can do it,
z — the days in which C can do it.

:}, 31/, and 1 , Will equal what each can do in one day.

NowAandBdo-gmox.neday, ‘o
AandC %,
and B and C % Hence,
@ +;=p
@ a4i=g
3) l _|_ } lO

It is easier to ehmmabe in these equations, without clearing
of fractions, by at once adding or subtracting the equations,
to find the value of z, ¥, or =.
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7. Says A to B and C, “If each of you will give me 10

cents, my money will be to what you will both have left, as 4

~ t05” Says Bto A and C, “If each of you will give me 10

* ents, my money will be to what you will then have, as 5 to 4.”

Says C to A and B, “If you will give me 10 cents each, I shall

have twice as much money as both of you.” How many cents
has each ?

- 8. A certain number consists of three digits. The sum of
the digits is 10 ; also the sum.of the first and the last digit is
2 of the second digit; and if 198 be subtracted from the
number, the digits will be inverted. What is the number ?

Let = = 1st digit or hundreds,
y = 2d digit or tens,
z — 3d digit or units.
100z -}- 10y + z — the number.

9. Find 3 such numbers, that the first with } of the other
\two, the second with ] of the other two, and the third with
3 of the other two, shall each be equal to 85.

10. Three persons, A, B, and C, talking of their money, A

says to B and C, “ Give me } of your money, and I shall have

/]/385.” B says to A and C, “ Give me } of your money, and I

“  shall have $80.” C says to A and B, “@ive me } of your
money, and I shall have $80.” What has each?

11. Three young men, A, B, and C, speaking of their
money, A says to B and C, “If each of you will give me
$5, I shall have just half as much as both of you will have
left.” B saysto A and C, “If each of you will give me $5, I

7 shall have just as ‘much as both of you will have left.” C says
to A and B, “If each of you will give me $5, I shall have
twice as muoh as both of you will have left.” How much
has each ?

12. A man, with his wife and son, talking of their ages,

14 % L ’

\
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said, that his age, added to that of his son, was 16 years more
than that of his wife ; the wife said that her age added to that'
of her son, made 8 years more than that of her husband ; and
that all their ages together amounted to 88 years. What was
the age of each? o

" 418. Three boys, A, B, and C, were playing marbles. First,
A loses to B and C as many as each of them has. Next, B
loses to A and C as many a8 each of them now has. Lastly,e
C loses to A and B as many as each of them now has. After
all, each of them has 16 marbles. How many had each at
first 7

14. A grocer has four kinds of tea, marked A, B, C, and
D. When he mixes together 7 poundsof A, 5 of B, and 8 of
C, the mixture is worth $1.21 a pound. When he mixes
together 3 pounds of A, 10 of C, and 5 of D, the mixture is
worth $1.50 a pound. At one time he sold 8 pounds of A,
10 of B, 10 of C, and 7 of D, for $48; and, at another time,
he sold 18*pounds of A and 15 of D, for $48. What was a
pound of each worth ?
~ 15. There are two fractions having the same denominator.
Now, if 1 be subtracted from the numerator of the smaller, it
value will be } of the larger fraction ; but if 1 be subtracted
from the numerator of the larger, its value will be double that
of the smaller. And if the smaller fraction be subtraeted from
the larger, the value of the resulting fraction will be §. What
are the fractions? ¢

16. A boy bought, at one time, 5 apples, 6 pears, and 4
peaches, for 44 cents; at another time, 7 pears, 5 peaches, and
3 oranges, for 56 cents ; at another, 8 apples, 12 peaches, and
5 oranges, for 89 cents ; and at another, 10 apples, 3 pears, and
9 oranges, for 74 cents. What did he pay for each kind of
fruit ?
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CHAPTER VI.

POWERS AND ROOTS.

SECTION I.
POWERS OF MONOMIALS.

157, The product arising fromw multiplying any factor by
atself, 1s called a POWER of that factor.

Thus, 3 X 3 or 3? (42), is the second power, or square of 8;
5% 5 X 5 or 5% is the third power, or cube of 5; a X a X a
X a or at,is the 4tl power of a; and a® X a® X a?, or
(a?)*= al?, is the 3d power of a%b.

158. The factor, repeated, is called the ROOT of the given
_power.

Thus, a is the fifth root of a®; 3 is the 4th root of 81 or
3¢; bm? is the 3d root of (5m?)%.

159. The EXPONENT shows how many times a quantity 1s to
be used as a factor.

Note.—When the exponent is 1, it is usually omtted thus, ¢ =d',
m=m', &c. :

To find the required power of any given quantity ;}—

160. Perform the multiplication indicated. See (73).

Thus, (5a?) = ba? X 5a? X Sa* = 125a% = 5%*X?; (m®)*
=m* X m* X m® X m*=m*X* or m"?, (8m®n?)? =3m* n?
X 3m*n? =8'm* X 2 X? = 9m'n’. Hence, to raise a mono-
mial to any power,

161. Raise the coefficient to the required power, and each
letter to the same pler, by multiplying its exponent by that of

the power regquired.
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Thus, (3a%y*)* = 34x1%" — 81x1%y".

Since 15 =5 X 3, it will be found that 15* =15 X 8* or
225 =25 X 9. Hence, in a composite quantity ;

162. The power of the product of two or more factors, is
equal to the product of the same power of each of the factors.

Thus, (2 X 5 X 7)* = 2* X 5 X T* or (170)"

If the root is positive, as - a, all its powers will be positive,
gince + multiplied by 4 will always give .

If the root is negative, as — a; then,

The 2d power, or (— a)?, will be 'positive ;. for—a X —a,
(80) =+ a.

The 3d power, or (— a)*, will be negative; for 4 a* X —a
= —a’

The 4th power, or (— a)*, will be positive, for —a® X —a
=4 a'; (—a)=+4+a* X —a=—a" and (—a)*
—_ —ab X —_—a= + as.

It will be seen that all the odd powers, as the 1st, 3d, 5th,
&c., will be negative ; while all the even powers, as the 2d, 4th,
6th, &c., will be positive. Hence,

183. The opD powers of a negative root, aré negative ; and
the EVEN powers are p‘ositive
To find the 3d power of 5 Ve shall have 5X3 )( A %:,

= 18-&—5 Hence, to raise a fraction to any power,
164. Raise both the numerator and the denominator to the
required power.
1. Raise ay to the 4th power.
2. Raise a%bc to the 6th power.
8. What is the square of 4ab?
4. Find thé mth power of 2cd®. @  Ans. 2mcmd™.
5.. Find the 9th power of ada’.
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6. Find the 3d power of — ba’x.
7. Find the 4th power of — Ta%%.
8. Find the bth power of 8xy2?.

9. Find the 4th power of — 2ab.
10. Find the 5th power of — 3a'm.
11. Find the 6th power of — 4m™n.
12. Find the nth power of 9z%?.

13. Find the mth power of a™b*.

2,
14. Find the 3d power of — 322‘:/

. : 4
15. Find the 4th power of Sy

3
16. What is the square of %,b—’?

4a*bz
3dz
To divide one power of a quantity, as a®, by another power
of the same quantity, as a®, we subtract the exponent of the

5
divisor from that ofthe dividend (86. (1)), thus, %:ui—' —=al

17. Find the 3d power of

In such examples, three cases may occur:

(1.) The exponent of the divisor may be less than that of
the dividend..

(2.) It may be equal to that of the dividend.

(3.) It may be greater than that of the dividend.

Thus, a’ may be divided by af, o, or a®. Let us consider
each of these cases.

v
1) a"+at or %‘—_—a"—‘za'.

a’
2) a+a' or ;,,:a""’:a'. .

a’
@) a'=+a or a—.=a""=a”.
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To find an equivalent for af let us divide a by a =§ =1;
subtracting the exponents, we ahall have, a'~! —a®. Then,
gince ~ =1 and S—a (16), we have a®—1. So£;=1,and

a a m
also m*—3 =m?°; hence m*—=1.

In the same way it may be shown, that,

185. Any quantity with O (zero) for its ea,ponent s equal
to 1.

Thus z X y* == X 1 or «. '
In the third case, which always gives rise to negative
exponents, we shall find, by sebtracting the exponents, that

:—‘ —=a'"t*=a"?%; but c?ncelling the factors, we shall have,
a 1 1
- = -
= ; therefore, a = .

In the same way 5—° may be shown to be equal to %; for
» 1 '
iian -1 ="b"%and - 7= hence,

168. Amy gquantity with @ NEGATIVE EXPONENT, ¢s equal
to unity divided by the same quantity with a positive exponent.

If we multiply any quantity, as m, by a quantity with a
1
negative expenent, as a~? it will be equivalent to m X —,

. 1
gince a3 = —.
al
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SECTION II

POWERS OF PbLYNOMIALB.

To simply indicate a power of a polynomial, we include it
in a parenthesis (see Sec. VI. Chap. IL.), and then proceed
as though it were a monomial Thus,

The 4th power of a + b is (a 4 L)*;

The 3d power of (m + n)? is (m 4 n);

The mth power of 7(bx - y*)* is T™(bx + y*)*™;

The 2d power of (a + b) (¢ — d)* is (a + B)* (c — d¥)*

When we have the product of two or more factors to raise
to any given power, as in the last two examples, we must raise
each factor (162) to the required power.

In the following examples, ‘ndicate the power.

. The mth power of@c +y.n

. The 3d power of Bm* —'n) 3

The 2d power of (a +¥fc—d).*

The nth power of x(2a ~+ 3¢).7-

The 4th power of J#(m + n)%. =~ 7 . /my-r n)¥

. The 3d power of 82*(c — d)*(a 4 H)*. - / - [/

- The 8th power of zy(5m* — n) (Tz + 33/)’ 5 PR

(2mja + by ) ‘5‘;15;‘,‘- i

. The 5th power of - Bz F 53— dy"> (164.) .
To develop these powers, we must perform the multiplica-

tion indicated. See (81). Thus, (a + b)*=(a + b)(a -|- b)

(@ 4+ 8)(a+b). Multiplying, :

0 O T 00N
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except in the signs of the terms.
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(afd)t=a+ b
a+ b
a4 ab
+ ab 4 b
(a+b)’—a’+2ab + &
a+b
a® 4 2a% + ab?
+ a* + 2al* +
(a 4+ b)*=a® + 3atb + Bab® + W
a+b

@ F 3% | 3a%5 + o

+ a* 4 8a%* 4 8ab® 4 Ut

(a + 3)* = a* + 4a® + 6a*? + 4al® | b*
Nors.—The 4th power of (@ —2) is in every respect the same

To determine these, in all cases,

we have only to observe the rule for signs in the multiplication of

‘monomials (80).

Thus, a* must be 4, because a is +; 44’ must

be —, because 4a® is +, and is multiplied by — b. So, 64'5* must
be 4, because 6a? is -, and &2, which comes from — X —b, is
8lso 4. In the same manner the signs of all the others are deter-
mined. In general, the terms containing the odd powers of the
negative term of the binomial (61, (8) ) will be —; all the others
will be +.

9. Fmdthe2dpowerof3a-—b+2¢/ ,a«—wa/ﬂf“ i

10.
11.
12.

13.
14.

15.

Find the 3d power of a + 1. ~ . ,

b’+c'

Y

Find the 3d power of 2a — 2 4 &%, = <1 - N
@@+ 2. '
(x—y)"
(a*— BY.

. 2a —8
Find the 2d power of
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’ SECTION IIL
BINOMIAL THEOREM.

From the examples already given, it will be seen that the
process of raising a high power of a polynomial by actual
multiplication must be very tediows. This labor may be very
much lessened by a method discovered by Sir Isaac Newton,
called the Binomial Theorem. Though this method applies
primarily to binomials, it may be extended to any polynomial ;
since we may, by the parenthesis, convert any polynomial to
a binomial. Thus, a 4 22 — ¢ may be wntﬁen (a + 22%)
—¢, or @ 4+ (22* —¢).

Now, writing out the powers of any binomial @ — b, as ob-
tained by the precedmg section, we shall have ®

(a—bd)}r=a —0b.

(a —b)* = a* —2ab + %

(@ — 1) = a® — 8a?b +} 3ab®— 1.

(@ — 1) = a* — 4a’) + 6a’b* —4al® 4 bt

(@ — b = af — 5a*h + 10a*0* — 10a2* -+ Habt — I°,

It will‘be seen on examination, that the terms, signs,
exporents, and- coefficients in these powers, follow certain
invariable laws.

(1.) The number of terms in each power is greater by 1
than the index of the power to which the binomial is to be
raised. Thus the 2d power has three terms ; the 4th power,
Jive terms; &e.

@) In regard to the signs, when the binomial contains a
negative term, all terms containing the odd powers of that
term will be negative, and all terms having the even powers
will be positive (163). If both terms of the binomial are
positive, iag (a+ b), all the terms of the power will be positive.



170 msi' LESSONS IN ALGEBRA.

(8.) In regard to exponents, it will be seen that the first
term of the power contains the first or leading term of the
binomial, with an exponent equal to the index of the required
power; and that its exponents decrease by 1 in each successive
term of the power. Thus, in (a — b)®, we have a%, a, a%, a?,
a', and since a® =1 (165), we may regard a° as entering into
the last term.

The second term of the power contains the second term of
the binomial, with 1 for its exponent; and its exponents
increase by unity, in each successive term till the last, in
which term the exponent will always be equal to the index of
the power. Thus, in (@ — b)% we shall have 0°, &', 8%, &%, b,
t. Writing the terms of (@ — b)" with their proper signs
(163) and exponents, we shall have a’, — a%h, + a*b?, — a'd?,
+ a®bt, —a®l®, + alf, — b

It will also ®e noticed that the sum of the exponents in any
given term, is always equal to the index of the required power.
In the same way, write the terms of

(m + n)s. (a+ =)
. =y (c—dy*.-

“4) In regard to coeﬁczen ts, the coefficient of the ﬁrst term
is always 1.

The coefficient of the sécond term is always equa.l to the
exponent of the power.

Thuk, in (@ — b)%, we shall have a® the first term, and 5a*b
the second term of the power.

To find the coefficient of the third term, mhltiply 5, the co-
efficient of the second term, by 4, the index of the leading
quantity in the same term, and divide by 2, the number ¥ich
) 5% 4

marks the place of the term. Then 5

= 10, the coefficient

of the 3d term. Or, in general,
167. To find the COEFFICIENT of any term, multiply the
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L J
exponent of the leading quantity of the last term formed, by its
coefficient, and then divide the product by the number which
marks its place.
Forming the coeflicients for the successive terms of (a—0),
as above, we shall have
a' = the Ist term.

7a%h — the 2d term.
T X6 _ 9105 — the 3d torm.

2
21 x 5 3544 — the 4th term.,
35 x 4 354t — the 5th term.
355>< 3 — 210%F — the 6th term.
21;< 2 Tabt —the 7th'term.
7 >7< 1 ' = the 8th term.

Hence, (@ — b)' — a' — Tash -+ 21a%* — 35a%%* 4 35a%%%

—21a%® 4 Tab® —b'. Also (a + x)* = a® 4 6a’z + 15ata?
4- 20a%* 4 15a%* 4 6ax® 4 .

It will not be necessary to find all the terms by actual
multiplication, for it will be observed that the same coefficients
are repeated in an inverse order after passing the middle term.
If the number of terms in the power is odd, there will be one
term in the middle greater than any other; as in (a 4 z)%
If the number of terms is even, there will be fwo terms in the
middle, having the same coefficients, greater than any other.
In general, to find the successive terms in any given power of
a binomial,

168. (1.) Multiply the exponent of the leading quantity in
the term last found by its coefficient, and divide the product by

~
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L J
the number whick marks its place, for the COEFFICIENT of the
required term.

(2.) Diminish the EXPONENT of the leading term, and
tnerease that of the second term of the binemial by 1.

(3.) If the term contains an ODD power of @ NEGATIVE
quantity, it will be minus; otherwise, it is plus.

Develop the following powers by the rule just given:

L (z—g* - 6. (a4 b).

2. (a4 zp. 7. (c+ d)°.
3. (m—a) 8. (x —y™
4. (m 4 )t 9. (a4 o)™
5. (x4 ¥ 10. (m — n)™*.

Suppose it is required to raise a - 8bc to the 3d power.
Indicating the powers, we shall have

a® 4 3a*(8bc) +--3a(3bc)* 4 (8bc)* =, multlplymg,
+ 9atbe 4 27ab?c? 4 270°C.

S0 (2ab— 2)* = (2ab)* — 4(2ad)* («*) 4 6(2ab)* («*)*
— 4(2ad) (¥ + (2% = 16a*t* — 82a°8*z" + 24a’b’x*

— 8Babx® - 8.
In the-same way gevelop the following powers :
ab — j 14. (m — bn*)h
12 (a* — 80" T 15 By 42
13. (5a* + )% 16. (7z%5 — 10255

To raise - 2y | #z to the third power, let m =z 4 2y,
then (z 4- 2y) + z2=m -+ =
(m + 2)* =m® 4 8m?z 4 mz? + 28
m—=cx + 2"![.
m’=m’+4w+4y’. '
=2 + 82%(2y) + 8229y + () = 4 bay
+ 1207 1 85"
Substituting these values in (m + z)%, we shall have (2
+ 62 + 12298 + 89°) + 3a(=* + day + 49") + (=
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4 29) + & = o 4 Gty + 192y° 4 8y? + 8% + 122y
+ 12 3%z 4 3x2* 4 6y=* 4 2.

The powers might have been indicated, without substituting
m, thus, [(z + 2) + 5P = (= + 2)* + Bz + Zy)
+ 3(x + 2y)2* + 2.

These powers developed, will produce the same result as
before, but the first method is less liable to error.

(a +b—c+ d)* = (70, Rem.) the second power of (a
+8)—(¢c—d). Let m—=a-+b and n=<c—d, then m
—a=(a+4b)—(c—d)

(i — 1) ==m? —2ma + =%
m=—a-+5b. n=c—d
m* = a? 4 2ab } B ' =c'— 2¢d 4 d*.

Substituting these values in (% — )

(@ + 20b + B) — Ha+ b) (0 — &) + (& — 2ed + P) =
(a® + 2ab + 5 —2ac 4 2ad — 2be + 2bd + ¢ — 20d 4 .
Raise the following polynomials to the power indiested :

17. (a + B —T) 20. (@ +b—2c) *
18. @z —y + M) 21. (e +b—c+ x)
19. (@404 22. (@ —c—2d).

Norz.—Experience will show which terms may best be included in
.the parenthesis. Thus, in the first example, it is easier to involve
a+t (b’ 7), than (a 4 b*) —T7.

/’\.‘-

SECTION IV.
ROOTS OF MONOMIALS.

169. The ROOT of any power, is one of the equal factors
used to produce that power.
The terms power and root are correlative terms; that is,the
one always implies the other, (157, 158). '
15%
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Thus, 3 is the square root of 9, since 9 is the square of 3 ;
and 5 is the 3d root of 125, since 5*—=125; so a is the 4th
root of at, since a X @ X a X a =a*.

170. The BADICAL 8IGN 1/~ s used to indicate the roots
of quantities.

Thus 1/4 means the square root of 4; /a4 b, the 2d
root of a 4 b.

Other roots are denoted by a small figure placed over the
radical, called its tndex. Thus, '27a* denotes the 8d root
of 27a%, and 1% 74" denotes the 5th root of 7a%*. The sign
alone, always denotes the second root.

The following table will be of use in extractmg the roots of
numbers.

TABLE OF ROOTS AND POWERS.

Roots. 12|3|456781910
Squares.  |1| 4| 9| 16| 25| 86| 49| 64 81| 100
Cubes. 1| 8| 27| 64| 125| 216 84| 612 729) 1000
4th powers. |1 |16| 81| 256| 626[1296| 2401| 4096| 6561| 10000
bth powers. | 1 (82(243(102418125(7776]16807(32768(59049(100000

To obtain the root of any power, we must find one of the
equal factors which entered in to form that power. Since
(4b)* = 160* the second root of 165* must be 45.

Since to find any given power of a monomial (161), we
raise the coefficient to the required power, and multiply the
exponent of each letter by the index of the power, it follows
that in extracting the 700t of 2 monomial, we must reverse this
process; that is,

171, Extract the root of the coeffictent, and divide the ex-
ponent of each literal factor, by the index of the root.
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/\Since 19/8 X 27:?’2?)( V2—7=2 X 8=6; we see that,
/‘ 172. The product of the roots of any number of factors, is
equal to the root of the product of the same factors. *
Thus /%" = }/a® X 1/t% =a*®. This is the reverse
of (162).
As the root, multiplied by itself the requisite number of
timeg, must always reproduce the power, it follows (163), that

173. (1.) The EVEN roots of a positive power may be cither
plus or minus, but,

(2.) The opD roots of any power must have the same sign
as the power.

Thus, the 2d root of 9 may be either 4+ 3 or —3; for
+3X+8=+4+9,and —3 X —3=+419. So the 4th
root of m® may be either + m? or — m?. The double sign +
¢ plus or minus,” is used to designate such roots. Thus 3/25
= + 5.

"But the 84 root of a® must be -+ a,since +a X -} a
X =+ @ = a*, and the 5th root of — 32 must be — 2, since
(— 2)* == — 82 (168), and so with all odd roots. '

If we attempt to extract the even root of anegative quantity,
as the 2d root of — 9, we shall find it impossible; since no
factor multiplied by itself will give —9, (4- 8)*= 49, and

(—38)*=+9; we can only obtain — 9 by multiplying - 3

" by —3; but these are hot the same factors repeated. So the
4th root of — a* cannot be obtained, though we may ndicate
such roots. Hence we conclude that,

174. The even root of a negative quantity cannot be obtained,
and 8 to be regarded as IMAGINARY.

Indicate the following roots, before extracting them.
1. Extract the square root of 64ath?. ~ 1’ .
2. Extract the cube root of 27a*t%®. - . -
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8. Extract the 4th root of Bla®zéy™.
4, Extract the 5th root of — 32x%.
5. Extract the 3d root of — 64asx®y,
6. Extract the 4th root of 1296a*%x'.
7. Find the 4th root of 16a%®.
8. Find the 5th root of 1024m®a'.
9. Find the 2d root of 81a*zt.
10. Find the 4th root of 256a°b'c".
11. Find the 5th root of — 243z,
12. Find the 3d root of — 125m*n®.
13. Find the 2d root of — 9%y,
When any terms of the given monomial are not exact
powers of the required degree, we may indicate the root by
the fractional exponent. Thus, the 3d root of 7a%? is Tiald,
which is read, “7 3d root, a 3d root 2d power, b.” So the
Bth root of 324124 is 2a*x%. The fractional exponent, it will
be observed, arises naturally from extmtmg the root by (171).
Hence,

175. The numerator of the FRACTIONAL EXPONENT always

denotes the power, and the denominalor the root, of the given
. . |

To indicate the root of the whole expreasion, as the 3d root
of 7a%, we may enclose the given quantity in & parenthesis,
and place the fractional exponent above it; thus, (Tatb)t
= ¥/7a%.

‘We may indicate the root of a fraction either by the frac-
tional exponent or the radical sign.  Thus, the square root of

16a* 16  [16a\} 1/16«»' (lﬁa’)*
oy may be written W,or _51_;‘—) _— (Qb‘)l

~and in each case equals ‘5’3,, since this quantity multiplied by

itself will reproduce the given power. Hence,
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176. Any required root of a FRAOTION ts extracied by
- taking the root of the mumerator and of the demominator
separately.

Indicate and then extract the roots of the following frac-
tions :

2Tut - asx!
14. The 3d root of — s 16. Theﬁthmtof—ms.
81at 16a*b?

15. The4throotof——-. 17. The square root of ———

.

2oy

SECTION V.
SQUARE ROOT OF POLYNOMIALS.

In order to illustrate the method of extracting the square
root of a polynomial, we will extract the square root of a*
-+ 2ab - b which we know to be the square of a 4 b (83).

As the first term of the power, a? contains the square of
the first term of the root, the square root of a? or a, must be
the first term of the root. Taking away a® from the given
power, we shall have left 2ab 3"

Since we know (83) that the second term of the power, or
2ab, contains twice the first term of the root by the second, if
we divide by twice the first term, or 2a, we shall obtain & for
the second term of the root. Hence, @ + b is the root sought.
But we have not as yet paid any regard to *. In order to
find the second term of the root, from the whole remainder
2ab + b, or (2a -+ b)b,—we will regard 2ab 4 5* a8 2 divi-
dend, and having found b by dividing the first term 2ab by
2a; we will add b to 2a, making 2a | b the entire divisor. v
2ad 4 b* divided by 2a -+ b, will give b as the quotient,
which exhausts all the terms of the given power.

- M N
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This process may be exhibited thus:
a*+2ab+ 8 |a+b Root.
a’
2ab 4 1* |2a 4+ b Divisor.
(2a +0)b= 2ab+ ¥
We will now proceed to extract the square root of 25m*

-+ 70m*xz + 492*. This polynomial corresponds to a* 4 2ad
- ?* and the root is extracted in the same way; thus,

26m* 4 T0m*x + 49z* | 5m?* 4 Tz  Root.

25m*

TOm*e 4 492* | 10m? 4 Tz  Divisor.
. T0m*x 4 49x2 )
0

Here we extract the square root of 25m* (which corresponds
to a?), and obtain 5m? (corresponding to a), the first term of
the root. We then subtract (5m?)* from the given power,
and the remainder 70m?x 4 492 corresponds to 2ab - 4%

We then take twice the first term of the root, or 10m?, for
a divisor. This corresponds to 2a. Dividing 70m*z by 10m?,
we have 7x for the second term of the root, corresponding to
b. We then place 7z in the root, and also to the right of the
divisor, and multiply the sum 10m? 4- 7z by the last term of
the root 7x. The product will be equal to the dividend
T0m?x - 4922,

Nore.—The given polynomial must always be arranged according
to the powers of some letter; for instance, the polynomial above
given might have been arranged according to the powers of z; thus,
4923 - TOm3%x 4 25m¢4, instead of according to the powers of m. But
it must not be arranged thus, 25m# + 49z2 - 70m?z, since the second
term of the power must always contain twice the first term of the
root by the second (95, (2)). This method of extracting the root
will apply to a root consisting of any number of terms, for we may
convert such a root into a binomial by the parenthesis. Thus,

.
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@+ b+ P =[a+ B +0T =+ 205+ + (b + =t
+ 2ab 4 8% 4 2ac + 2b¢ + 3 =a? + (2a+b)b + [2(a 4 b) + c]e.
See example below.

Hence, to extract the square root of any polynomial,

177. (1.) Arrange the given polynomwl according to the
" powers of some letter.

(2.) Eaxtract the square root of the firet term, and write it
as the first term of the root. Subtract its square from the
given polynomial, and bring down the remainder for a
dividend.

(8.) Double the root already found for a divisor, and divide
the first term of the dividend by it. The quotient will be the
second term of the root, and must be annexed, with its proper
sign, both to the root and to the right of the divisor.

(4.) Multiply the divisor thus increased by the second term
of the root, and subtract the product from the dividend ; the
remainder will form a new dévidend. :

(5.) Double the whole root for a new divisor, and proceed
as before, until the entire root of the given polynomial is
extracted.

ReMARR.—No binomial can be a second power; for the square of
a monomial is always a monomial, and the square of a binomial
always consists of three terms (83).

Extract the square root of 9x* — 12x* 16.70’ — 8z 4.
9 — 122° - 162* — 8z + 4 |82 — 2z + 2 Root.

9ot .
— 12 + 162 | 62 — 22
— 122 4+ 422 -
+ 1222 —8x 4 |6z’—4z+2
+ 1222 — 82 + 4
0

Extract the square roots of the following quantltlee
2. 86a*m* — 60a’m¥y® 4 2544 = . - T -] 4
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8. &+ 2ab 4 B —2ac—2be & L+ — -
4 o — 4D 4 Ot —dz 1 = X E)
5. 4x‘+l"z‘+5x‘—2x’+7z‘—2z+l oo —ﬂ?z
6. 1 —4a -4 4a* 4 2z — dazx -=* W f’/
T.28—228 4 84 — 22 + 2. % S Y x .
8. 2% 4 da'y + 4y* — 42 — 8y + 4. ’y’3-+z.).-—-
9. 9a'b* — 80a% - 12a%* -+ 26 — 20a%* + 42877 a,,-;
10. 4a* —4ab + b* + 12ac — 6be 4 9¢*. = L o — ]
ll.a,‘+4x‘+10z‘+20z'+25a:'+24z+16. 2_,1,4
12. 4a* — 4a‘+12a’+a’—6¢+92a,. 3
@?42b4+8 _— aFl-
e —td @ e+ A

162" + 482y + 36y* , -, /
14. 9a’—l2ac+4c’*-$r _”50
25a* — 90a 4 81 . 7 -
Bzt -

~ ‘ oo

[ I

-—

SECTION VL
BQUARE ROOT OF NUMBERS.

The method of extracting the square root of numbers is
entirely similar to that already explained in the last Section.
Attention should, however- be paid to the relative value of
the figares in the root.

By referring to the table in Section IV., we shall see

178. (1.) That the square of any number contammg UNITS
alone lies between 0 ahd 100, or 10°.

(2.) That st never contains more than two figures.

(8.) That the root is derived directly from.the given power.

If we multiply each of the nine unit figures by 10, that is,
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{ remove each to the ten’s place, and square the result, we shall
have
10% = 100, 40* = 1600, T0* = 4900,
202 = 400, 50* = 2500, 80* = 6400,
30* = 900, 60* = 8600, 90* — 8100.
Hence, .

at "’3 179. (1.) The square of any number containing TENS alone

lies between 100, and 10,000, or 1002 .

’X’f{/ (2.) That its last two places are always zeros ; hence it has
no significant figures below hundreds.

(8.) That the root is derived at once from the power as

above.

If the number is composed of tens and wnits, as 25 =20
-+ 5, its square follows the same law as that of any binomial.
Let a = the tens and b the units; then @ +- =20 - 5, and
(a + ) or a4 2ab + 5*=(20 + 5)’ or (20)* 4 ¢2 X 20
X 5) + (5)*==625. Hence,

180. (1.) The square of a mzmber containing tens and
units s equal to the square of the tens, -|- twice the product of
the tens by the units, - the square of the units. :

(2.) Though these different parts are blended in the numeri-
cal addition, yet we know (178) that the square of the units
cannot be above the tens, nor the square of the tens (179) below
the hundreds.

(3.) The root is derived from the power, by reversing the
steps by which the power is formed.

" Thus, let it be required to extract the square root of 625.
We see at once that its root must be composed of tens and
units ; for, if it were eomposed of units alone, the square would
contain but two figures (178, (2)); and if it were composed
of tens alone, the power would have zeros in the last two
places (179, (2)). Then, the root may be represented by
a + b, and (a + b) or @® - 2ab + ¥ will equal 625.

16
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We will first find a or the tens of the root. The tens are
derived from a? or the square of the tens (180, (1)). As
the square of the tens will be found among the hundreds, we
may set aside, or point off the last two figures of the power,
and seek the greatest square in 600, which we know (179) is
400. Hence, 400 = a?, and a = 20, the tens. If from

a? - 2ab 4 b* = 625 we take
a? . = 400,
we have left 2ab 4 b* =225, or by (93 (1)),
(2a + b)b = 225.

To find b, we simply divide 2ab - b* by the factor 2a + b
and, to find its numerical value, we divide 225 by the numerical
equivalent of 2a 4 b. A part of this, 2 =2 X 20, is already
known ; the part b must be found by using 2a =40 as a trial
divisor. The quotient 5 — } added to 40 — 2a, gives us the
required factor 40 - 5, or 45 —=2a - 5. Multiplying by 5,
we have 225 the remainder. ’

‘We may exhibit this operation thus:

a4 2ab+ 0*=625 |[20=a . Tens.
a =400
2ab - 1* =225 |40 =2a Trial divisor.
Qa+8)b=225 | 5=2» Units.

45 =2a 4 b Complete divisor.

When there are one or fwo figures in the square, we take
the root directly from the table (178,(3)). When there are
three figures, we. first place a point as above, over the unit
figure, and over the second figure to the left, so as to separate
the hundreds, which contain the square of the tens, from the
tens and units, thus making two periods which will represent
the number of figures in the root. When there are four
figures in the square, the left hand period will contain two
figures, owing to the greater value of the tens of the root (179).
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If the square contain jive figures, as in 18225, we first point
off the tens and units as above, knowing that the square of the
tens must lie above these two. But as 182 hundreds contain
three figures, we know (180) that there must be two figures in
the square of the tens ; and since we seek first the highest, we
point off the lowest two, namely, 82. It is as though we had
the simple question to extract the square root of 182. So if
_there were six; seven, or more figures in the square, we should
point off into periods of two figures each, till we come to the
highest, which will contain either one or two figures.

Let the learner explain as above the following example :

9025 |90 +5 Root.

8100 [180 Trial divisor.
— 5

925 185 Complete divisor.
925

e .

Extract in the same way the square root of the following
numbers:

1. 196. 4. 841,
2. 576. - 5. 1024.
3. 1225 . 6. 9409,

To shorten the work, we may omitfthe zeros, remembering to
place the second figure of the root at the right of the preced-
ing figure. As the divisor 2a represents the tens, we must
try it with the fens of the dividend, to obtain b.

The preceding example, performed in this way, will stand
thus, ) .

9025 | 95 Root.
81

92'5] 185

925
When the root contains three figures, as 385, the process is
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the same. That is, we find the first two figures of the root, as
though that were the eatire root. We then still represent the
root by the binomial a - b, by regarding it as composed of
88 tens + 5 units. The divisor 2a, in finding the third root
figure would be twice 38 tens. 'We will now extract the square
root of 885 = 148225.
148225 | 885 Root.
9
544
88275 | 765
8825.

Here we find the root 88, as though we had simply to
extract the square root of 1482; the remainder 3825
represents what is left after subtracting 88 from the given
power. Ngw squaring 38 tens | 5 wiits, we shall have
38' -2 X 38 X 5 - 5% remembering always the relative
value of the figures. Taking away 38, we shall have left twice
88 tens -} 5 units, both multiplied by 5 units. We then divide
882 tens by twice 38 tens or 76 tens,—the quotient 5 is the
third root figure, and must be placed in the root and at the
right of the trial divisor. .Then 765 X 5 — 8825, the given
remainder.

The square root of 43264 is extfacted as follows,

43264 | 208 Root.
4
324 .
"3264 | | 408
8264.
In this example the divisor 4 is not contained in the tens

of the dividend, we therefore add a zero both to the root and
to the divisor, and bring down the next period.
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‘We have then the following rule for extracting the second
root of numbers.

181. (1.) Separate the given number inlo periods of two
Jigures each, beginning at the right. The left hand period
may contain one or two figures.

(2.) Find the greatest 2d power in the left hand period,
and write its root in the place of a quotient, at the right of the
power.  Subtract its square from the first’ period, and to the
remainder bring down the next period for a dividend.

(8.) Double the root already found for a divisor, and see
how many times this divisor 13 contained in the above dividend
rejecting the right hand figure. The quotient will be the second
root figure, and must be annexed both to the root, and to the
divisor.

(4) Multiply the divisor thus increased, by the last root
JSigure; subtract the product from the dividend ; and to the
remainder bring down the next period for a new dividend.

(5.) Double the whole root already found, for a new divisor,
and try it in the tens of the last dividend, for the third root
JSigure, and proceed as above unttl all the periods have been
brought down.

Extract the square root of the follawing numbers.

7. 2101, W4 12. 5499025.
8. 4624, . 13. 28153636.
9. 6084, " 14. 27699169.
10. 140625 15. 9247681.
11. 1522456. 16. 3637175481.

16 *
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SECTION VIL

SQUARE ROOT OF FRACTIONS, APPROXIMATE ROOTS.

The square root of a fraction (176) is found by extracting
the square root of the numerator and of the demominator
separately. 'Thus the square root of 3§ is §.

Mixed numbers should always be reduced to improper
fractions, before extracting the root.

Extract the square root of the following fractions.

~

SREE _ 6. 30}.

2. 313 7. 535
3. gs. 8. 13§24.
4. 53% 0. i
5. 7} 10. 3934.

By referring to the table of roots and powers, it will be seen .
that there are many numbers, whose square roots cannot be
exactly obtained. For instance, we cannot find the exact
square root of 5, or 6, or any number between 4 and 9, and so
with many other numbers. We can however obtain the square
root of such numbers approximately, or nearly.

To approximate the root of a fraction, as §, where the deno-
minator only is a perfect square ;—

182. Take the root of the denominator, and the nearest
root of the numerator, and place after the result the sign -
or —, according as it is greater or less than the true root.

Thui v =% +, that is, the true root is more than 4
So 1/ = —, or the root is less than .

To approximate the root of a fraction, where neither term is
an exact power, as ,g,

183. Muke the denominator a perfect square by multiply-
ing both terms by itself, and then proceed, as above.
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mo, () =() =7

If it is required to approximate the root of a fraction to any

given degree of accuracy, as to find the square root of 8 to

7

within ll,—we must multiply both terms of the given fraction,

by such a square, as will make the denominator a square of
the required degree. Thus, as 21 =7 X 3, 21* =172 X 8%

Hence, both terms of 37
It is only necessary (162) to indicate the prodmet.of the de-
nominator. Hence,

() = (36e) =(wses) =a1—

In the same manner extract the square roots of the following
fractions.

must be multiplied by 7 and by 8%

11. 3}. 15. $ to. within J4.
12. 3. 16. g to within ;.
18. 5ﬁ, 17. n to within 1’5
4. 3 18. #; to within 4.

To approximate the square root of any entire quantity,

184. Change it to a fraction, having any second power for
1ts denominator, and then proceed as above.

The second powers of 10, are generally employed, and the

result is stated in the form of a decim;sl. Thus 7= I—gg—; and

700 26
m-:ﬁ-l- or 2.6 +.

If we wished to approximate the root to a greater degree of
accuracy, we might multiply by 100* or 10000 and then extract
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the root of :0333, which would be expressed in hundredths.

Instead of %g, we generally write 7.00, regarding the two

zeros annexed as decimals, and then extract the square root
by (181). Thus,

If now we wish to obtain another decimal, in the root, we
may multiply again by 10%, or what will- be the same thing,
annex two zeros to the power. Bringing down these zeros,
and continuing as above, we should have,

7.0000 | 2.65 —

4

300 | 46

278
2400 | 525
2625

. 2.65 — is nearer the trne root than 2.64 4. It will be
seen from the preceding remarks, that the square root of any
number always contains twice as many decimals as the root;
hence, to extract the square root, to within a.ny required
degree of accuracy,

185. Add as many veros as are necessary to make the num-
ber of decimals in the power twice as many as the uumber
required in the root.

These zeros need not be annexed at once to the power, but

may be added in periods of two each te the several remainders
as needed.
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We will now extract the square root of 7, carrying the root
to five decimals.

7 1264575+ Root.
8

800 |46

276

2400 ] 524

209 6

804070 | 5285
2642 5 <

39750°0 | 52907
370349
2715100 | 529145
2645725
69375
This root is accurate to one hundred thousandth, and there
is no limit to the accuracy with which it may be approximated.
To extract the square root of 851.24651, we shall find, on
pointing in periods of two figures each from the unit figure,
that the root will contain two places of integers, and three of
decimals. It will be necessary to annex a gero to eomplete
the last period in the decimals (185). The root 1s extracted
as below.

851.246510 {29.179 4+ Root.
4

5T |49
41

1077 851
581
4365 | 5827
89789
5576170 | 58349
525141
82479
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In extracting the sqlm'e.rooh of the following numbers,

carry the decimals tg three places.
19. 5. 23. 8.74.
20. 2. 24. 92.5.
21. 828. ’ 25. .968.

22. 527. 26. 246813.579.

CHAPTER VII.
EQUATIONS OF THE SECOND DEGREE.

SECTION I
PURE EQUATIONS.

AN equation of the second degree, or quadm.tio equation,
contains the second power of the unknown quantity (130).
When the -second power only enters into the equation, it is
said to be a pure or tncomplete quadratic.

1. What number is that which being multiplied by itself
and the product doubled will give 162 ?

Let  — the number,
Then 24* = 162. Dividing by 2,
«* =81. Hence,

Extracting the square root of each member, z =9, or
— 9, since either squared will give 81. (See 173.)

2. A gentleman being asked his son’s age, replied, that if
the square of his son’s age were subtracted from his own age,
which was 80 years, and the remainder were multiplied by his
son’s age, the product would be 5 times his age. How old
was his son?
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Let  — the son’s age,
Then (80 — 2®)z—5z. Divide by «,
80 —a2*=>5.  Transpose,
—a*=—25. Change the signs,
a* = 25. Extract the square root,
z=-+45,or —5. . °
8. Two numbers are to each other as 8 to 4, and the differ-
ence of their squares is 112. Required the numbers.
« = larger,

?f = the smaller,

. 2
Then «* — ?1% =112,  Clearing of fractions,

162> — 9x* =1792. Reducing,
T2? =1792. Dividing by 7,
«*—=256. Extracting square root,
z = -+ 16, or — 16. -
3z . ’

T:lz.

4. There is a certain room, the sum of whose length and
width is to its length as 5 to 3 ; and the same sum, multiplied
by the length, is equal to 960 square feet. What are the
dimensions of the room ?

Let = = the length of the room,
“and y = the width.
Sz
a) -ty = 3
2) (z + y)x =960.
3. 3x + 3y = bx. Transposing and reducing,

“) y = %f Substitute in equation (2).

(52 (:z: + 2_395)90 — 960.
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o+ 3;2’ — 960.
§a* == 2880. Dividing by 5,

a'==576. Extracting the square root, _ )

z= 4 24, or —24.
o

y= = — 16, or — 16.

To solve a pure quadratic equa.tion,

188. Reduce as in equations of the first degree, and then
extract the square root of each member,

5. A boy bought a number of oranges for 36 cents, and the
price of an orange was to the number bought as 1 to 4. How
many oranges did he buy, and what did he give apiece ?

6. A merchant sold a quantity of flour for a certain sum,
and at such a rate, that the price of a barrel was to the number
of barrels as 4 to 5; if he had received 45 dollars more for the
same quantity, the price of a barrel would have been to the
number of barrels as 5 to 4. How many barrels did he sell,
and at what price ?

7. A gentleman exchanges a field, 81 rods long and 64 rods
wide, for an equal quantity of land in the form of a square.
What was the side of the square ?

8. How long and wide is a rectangular field containing 864
rods, the width of which is equal to § of the length ?

9. A certain street contains 144 rods of land; and if the
length of the-street be divided by its width, the quotient will
be 16. How long and wide is the street?

10. A trader sold two pieces of broadeloth, which together
measured 18 yards; and he received as many dollars a yard
for each piece as it contained yards. Now, the sums received
for the two were to each other as 25 to 16. How many yards
were there in each piece ?
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\ Let @ = the yards in the longer piece,
and y — the yards in the shorter.
Then z* = the price of the first,
and y* — the price of the gecond.

Nowz +y =18,
25y’
and o* = — 16"

11. A man divided 14 dollars between his son and daughter,
in such a manner that the quotient of the daughter’s part,
divided by the son’s, was ;% of the son’s part divided by the
daughter’s. 'What was the share of each ?

12. A house contains two square rooms, the areas of which
are to each other in the prgportion of 25 to 9; and a side of
the larger room exceeds a side of the smaller by 10 feoet.
‘What are the dimensions of the rooms ?

13. In a certain orchard there are 4 more rows of trees than
there are trees in a row; and if the same number of trees were
g0 arranged that there should be 64 added to each row, the
number of. the rows would be reduced to 4. How many trees
are there in the orchard ?

14. When an army was formed in solid column, there were
" 9 more men in file than in rank ; but when it was formed in 9
lines, each rank was increased by 900 men. Of how many
men did the army consist ? -

15. A gentleman has two squares of shrubbery in his
grounds, the difference of whose sides is to the side of the
greater square as 2 to 9; and the difference of their areas is
128 yards. t are the gides of the squares ?

16. Says A , “ Our ages are the same; but if I were §
years older, and you were 5 years younger, the product of our
ages would be 96.” What aré thei(lée%?\

17. What number is that, whxch being added to 20 and

17
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subtracted from 10, the product of the sum, multiplied -by the
difference, will be 817

18. There is a rectangular field, whose length is to its
breadth in the proportion of 6 to 5. A part of this, equal to
3 of the whole, being an orchard, there remained for tillage
625 square rods. What are the length and breadth of the
field ? : .

19. It requires 108 square feet of carpeting to cover a cer-
tain entry; and the sum of its length and breadth is equal to
twice their difference. How long and wide is it ?

20. A charitable person distributed a certain sum among
some poor men and women, the numbers of whom were in the
proportion of 4°to 5. Each man received } as many shillings
as there were persons relieved ; and each woman received twice
as many shillings as there were women more than men. The
men received, altogether, 18 shillings more than the women.
How many were there of each ?

21. A gentleman, being asked the ages of his two sons,
replied, that they were to each other as 3 to 4; and that the
product of their ages was 48. What were. their ages?

22. A gentleman has an oblong garden, of such dimensions
that if the difference of the sides be multiplied by the greater
side, the product will be 40 square rods; but if the difference
be multiplied by the shorter side, the product will be 15 rods.
‘What are the length and width of the garden ?

SECTION II.

AFFECTED EQUATIONS OF THE SECOND DEGREE.

It has been stated that a pure or incomplete equation of the
second degree contains only the second power of the unknown
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quantity ; as, * — 16. An affected or complete equation of the
second degree, is one that contains not only the second, but the
first power of the unknown quantity; as, 2* -} 6x=135.
Such equations are also called affected quadratic equations.
To solve such equations as =* 4 6x — 135, let us compare
the first member with the 2d power of some binomial, as z 4
a; the square of which is o* 4 2ax 4 a®
Writing the corresponding terms under each other, we
have,
-2 4 2az - a*. -
z* - 6. .

We see, then, that in poth expressions, we have,
a* or the square of the first term of the root,
2ax = 6z, or twice the first term, multiplied by the second.

Hence, it only remains to add a?, or the square of the second
term of the root, to complete the square.

The square root of * or x is the first term of the root; and
gince 6z — twice the first term of the root, or x, multiplied by
the second, if we divide 6z by twice the first term, or 2x, we
shall obtain the second term of the root, which is 4 8. Ad-~
ding 8% or 9 to * -} 6x, we have z* 4+ 6x -} 9, a perfect
. square, whose root is x - 3.

Resuming the equation x* 4 6 x = 135, we have only to
add 9 to the first member to complete the square. Adding the
same to the second, to preserve the equality, we have,

o 4 6249 —135 - 9 —144.

‘Extracting the square root of both members, we shall have
the binomial « +- 8 for the square root of the first member,
and = 12 (173), for the square root of the second. Then,

x=—38+4120r9.
and x—=—8 — 12 or — 15.
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Here we have obtained two values of x, one positive and the
other negative. Either value will satisfy the equation, but
usually the positive value only will answer the conditions of the
question, If we substitute both values of x successively in
the original equation 2* + 6z == 185, we shall have,

(9)'+6 X 9 or 81 4 54=185.
(—15)* 4- 6 (—15) or 225 — 90 =185.

1. What number is that, whose square diminished by 8

times the number, is equal to 84 7
" Let z = the number,
.Then «* — 8z —84.

The first member, 2* — 8x corregponds to the first two

terms of the square of the binomial z — @, thus,
2* — 2ax + o',
z* — 8.

Extracting the square root of z*, we have « for the first term
of the root. Dividing the second term of the power — 8x by
twice the first term of the root, or 2z, we shall have — 4 for

-the second term of the root, which therefore must be x —4.
To complete the square we must add a* or (— 4)* to the terms
already given. Thus,

(x—4) =2a'— 82+ 16.
~ As 16 is added to the first member, it must also be added
to the second, to preserve the equality. Then,

2 — 8z - 16 =84 4 16 or 100. Extracting the root.

z—=4-410or 14.
=4 —10 or —6.
2. Given the following equation, to find the value of .
87 4 Ta* — 128 4 8z — 5a* 4 118 — bx. Transposing,
7§ + 84 — ba? - bz — 118 - 123 — 87. Reducing,
. 22 4 8z =154
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‘We must now divide the equation by 2, iy order to remove
the coefficient from 2?, that it may correspond with the first
term of the square of the binomial z + a.

Dividing by 2,

a?+4x=77.  Completing the square as above,
a* 4 4x + 4 ="T7 + 4 or 81. Extracting the sq. root,
T x + 2—=4409.
x=—2+49o0r7.
=—2—9 or—11.

3. Divide 34 into two such numbers, that } of their product
shall be 45.

Let 2 — one number,
and 34 — z — the other.

Then B4 =2 _ 45. Clearing of fractions,

[
842 — 2* =225 or,
-— o 4 34z = 225.

In order to make the first term oorrespond to the first term
of the square of the binomial = 4- a, we must change the sign
of each term in the equation, since it is impossible to obtain
the square root of — a* (174.)

Changing the signs,

2 — 34z — —225. Completing the square,
a?—34x + 289 = — 225 |- 289 or 64. Taking the aq. root,

x— 17 =+ 8.
=17 4 8 = 25.
=17—8—=9.

34 —x =09 or 25.
4. In the following equation, complete the square, and find
the value of z.
82* 4 2z =161. Dividing by 3,

2z 161

P I Mg
+ 8 — 3
17*
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Dividing 2; by 2z, we have 51? for the second term of the

root, the square of which is }- Then,

9
2z 1 161 484
w’+?+9 5 +9-—T. Etmchngthesq root,
1 22
a:=7or——23—3.

From the preceding examples, it will be seen that all affected
equations of the second degree must be reduced to this form,
«* + 2ax = n, before completing the square. Hence,

187. (1.) Clear the equation of fractions ;—transpose all the
terms containing unknown quantities into the first member, and
all the terms containing known quantities tuto the second ;—
unite the similar terms.

(2.) If the term containing x* s not positive, make it so,
by changing the signs of all the terms in the equation. The
remaining terms may be either positive or negative.

"(8.) If the term containing =* has a coefficient, remove it, by
dividing the equation by that coefficient.

Having reduced the equation to the form &* 4 Zax —n,
we complete the square by the following rule:

188. (1.) To complete the square of the first member, add
to it the square of half the coefficient of x. Add the same
gquantity to the second member, fo preserve the equality.

(2.) Extract the square root of each member. The square root
of the first member will be a binomial, the sign of whose second
term will be determined by the sign of the second term of the
power. The square root of the second member will have the
sign .

(8.) To find the value of =, transpose and reduce as in
equations of the first degree



.

EQUATIONS OF THE SECOND DEGREE. 199

We will now complete the square in the equation
z* + 2ax = n.
z* + 2ax 4 o’ =n + a’.
.7 +a==+VnFd.
x=-—a+1n+ o~ -+ a*
5. What is the value of z in the following equation?
ax® 4- ¢ = —bx. Transposing,
ax? 4- bz = —c.  Dividing by a,

x4 b;z =— ;c' Completing the square,
bz B c & — 4ac 4 b?
Tt et Tt T 4
Taking the root,

b o — 4ac
a:-.*-2_¢1=t 4a?

1/b’——4ac —b+VP —dac

== 2a 2a 2a
6. Find the value of « in this equation:
x z—1 9 .
—T 3% Multiply by 29z,
202*

—5 20z 4 20 =9z. Multiply by x—1,

20z* — 20z* 4 20z - 202 — 20 = 92* — 9z. Reducing,
— 92* 4 492 =20. Or changing signs,
9a? — 492 = — 20.
49z | 2401 20 , 2401 _ 1681

gt = vt
z-@: +4_1
18 — 18
+49+41_90_ .
s="—gg — ==
_ t49—41_ 4

18 9
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In the same way solve the following equations: ~
7. a*—14x=>51.
8. a*4 8z =105.
9. 8z 4 3x=216.
10. 8*—19z——6."
42 .z'
z 128 2 )
12. §-+T=§-+20T
1
13. zt+1l_on
z+1 + x 24
8z z—1
14. i —x—9.
15. a®4-nz=—25
SECTION IIIL

EXAMPLES PRODUCING AFFECTED EQUATIONS.

1. The ages of a man and his wife amount to 42 years,
and the product of their ages is 432. What is the age of

each ?

2. A gentleman, being asked the ages of his son and
daughter, replied, that his son was 5 years older than his
daughter, and that the product of their ages.was 266. What

were their ages ?

3. The length of a room exceeds its width by 8 feet, and

its area is 768 feet.

What are its length and width ?

4. The difference of two numbers is 6 ; and the square of
the greater exceeds twice the square of the less by 47. Re-

quired the numbers.
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5. A gentleman divided 28 dollars between his two sons in
such a manner, that the product of their shares was 192.
‘What was the share of each? ’

6. The wall which encloses a rectangular. garden, is 128
yards long, and the area of the garden is 1008 yards. What
are its length and breadth? *

. Let « = the length,
and 64 — = — thé breadth.

7. There are two numbers whose difference is 9, and 1 their
product is 10 more than the square of the smaller number
What are the numbers ?

8. The length of a room exceeds its width by 9 feet; and
its drea is 400 feet. What are the dimensions of the room ?

9. It is required to find two numbers, whose sum shall be
14; and such, that 18 times the greater shall be equal to 4
tlmes the square of the less.

10. A man bought a certain number of sheep for 80 dollars.
If he had bought 4 more for the same money, they would
have come fo him a dollar apiece cheaper. How many did he
buy?

Let z == the number of sheep.

Then 8 = the price of a sheep,
x

80 80

11. In a parcel containing 24 coins of silver and copper,
each silver coin is worth as mfy pence as there are copper
ooins; and each copper coin is worth as many pence as there
are silver coins; and the whole is worth 18s. How many
coins are there of each sort? )

12. A drover bought a number of oxen for 675 dollars;
which he sold again for 48 dollars a head ; and he gained, by
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.

the bargain, as much as he gave for one ox. How many oxen
did he buy? .-

13. Two travellers, A and B, set off at the same time to a
place distant 150 miles. A travels 3 miles an hour faster than
B, and arrives at his journey’s end 8 hours and 20 minutes
before him. How many mile®lid each travel per hour ?

Let x — the number of miles B travelled in an hour.

Then ? = the hours B was on the road,
and 150 _ the hours A was on the yoad
z 53 Foac

150 150
=z =z +3 = 8%'
14. What two numbers are there, whose sum is 25 and pro-
" duct is 1447 .
15. The age of A is 12 years more than that of B; and
the product of their ages is 640. What is the age of each ?
16. The sum of two numbers is 30; and if 18 be added to
.} of their product, the sum will be equal to the sqyare of the
smaller number. What are the numbers ?

17. A farmer sold a certain number of sheep for £120. If
he had sold 8 more for the same money, he would have
reeeived 10 shillings less for each sheep. How many did he
sell?

18. Two benevolent gentlemen, A and B, distributed each
1200 dollars among a certain number of poor persons. A
relieved 40 persons more than 8 ; but B gave 5 dollars more
to each person than A. How many persons did each relieve ?

19. A person bought two pieces of cloth; the finer of
which, at 4 shillings a yard more than the other, cost £18.
But the coarser piece, which was 2 yards longer than the finer,
cost only £16. How many yards were there in each piece?
and what was the price of a yard of each ?
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20. An officer would arrange 1200 men in a solid body, so
that each rank may exceed each file by 59 men. How many
must be placed in rank and file ?

21. In an orchard containing 900 trees, the trees are so
planted that there are 11 more rows than there are trees in a
row. Required the number of rows; also the number of trees
in a row.

22. The perimeter of a room is 48 feet; and the area of the
floor is equal to 35 times the difference of its length and
breadth. What are the dimensions of the room ?

23. A drover bought a number of ‘sheep for 190 dollars.
Having lost 8 of them, he must sell the rewainder at a profit
of 8 shillings a piece, not to lose money by the bargain. How
many sheep did he buy ? and at what price ?

24. A merchant sold a quantity of sugar for £56, by which
he gained as much per cegt. as the whole cost him. How
much did it cost ? '

Let « — the cost of the sugar.
Then 56 — « = the gain.
If he had gained 6 per cent. of the cost, his gain would have

been 8 of z, or As he gained z per cent, that is — 1

X
100°

100 00
of the cost, his gain will be m of z. Then,
2 —
00— his gain.

Therefore, Ta(% =56—=

25. A trader sold a quantitjr of flour for 39 dollars, and
gained as much per cent. as the flour cost him. What did he

give for the flour?
26. A butcher bought a certain number of calves for 200
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dollars; and, reserving 15, he sold the rest for 180 dollars, by
which he gained 2 shillings a head. How many calves did he
buy? and at what price ?

27. A grass-plot, 18 yards long and 12 wide, is surrounded
by a border of flowers of uniform width. The areas of the
grass-plot and border are equal. What is the width of the
border ?

28. A square court-yard has a gravel walk round it. The
side of the court wants 2 yards of being 6 times the breadth
of the walk; and the number of square yards in the walk,
exceeds the number of yards in the periphery of the court by
164. 'What is the area of the court?

29. What number exceeds its square root by 427
Let «* — the number.

80. A school-boy, being asked the ages of himself and sister,
replied, that he was 6 years older than his sister; and that
twice the square of her age was 47 less than the square of his
own. What were their ages?

81. A gentleman has two square flower-plots in his grounds,
which together contain 2120 yards; and the side of the larger

plot exceeds that of the smaller by 12 yards. What are the
sides of each?

-32. A laborer, having built 105 rods of fence, found that,
had he built two rods less a day, he would have been 6 days
longer in completing the job. How many rods did he build
per day?

33. Says A to B, “The product of our ages is 120; and if
I were 8 years younger, and you were two years ‘older, the
product of our ages would still be 120.” What are their-

ages?
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Let z — A’s age, and y — B’s.

Then zy = 120.
snd (z — 8) (y + 2} = 120.
ay—3y + 2z 120, or

120 — 3y + 2x — 6 =120.
Then, 1—2—0 = 8y j 6.

34. There are two numbers, such that twice the square

of the less, added to the square of the greater, will be 82; and
.if 6 times the less be subtracted from 4 times the greater,
the difference will be 14. What are the numbers?

35. If the greater of two numbers be added to 3 thnes the
less, the sum will be 32; and twice the square of the less,
added to one-fourth of the product of the two numbers, will be
93. What are the numbers ?

86. A farmer sold 7 calves and 12 sheep for 50 dollars ; and -
the prioe received for each was such that 8 more calves were
sold for $10 than sheep for $6. What was the price of each?

Let 2 = the price of a calf,
and y = that of a sheep.
Then 7z -+ 12y = 50,

Also -1;?- = calves sold for $10,

and §= sheep sold for $6.
10 6

?—;4-3.
10y = 6z + 3xy.
10y = z(6 4+ 3y).
_ 10y
T=g gy
$=50_;12y.

18
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37. A young lady, being asked her age, answered, « If you
add the square root of my age to hatf of my age, the sum will
be 12.” What was her

88. A trader bought barrels of flour for $60. Had he
bought 8 more barrels for the same sum, each barrel ‘would
have cost him one dollar less. How many barrels did he buy ?

39. A man had a field whose length exceeded its breadth
by 5 rods. He gave.3 dollars a rod to have it fenced; and
the whole number of dollars was equal to the number of square
rods in the field. Required the length and breadth of the
field.

40. Suys A to B, “I have 9 dollars more than you, and if
the number of dollars we both have, be multiplied by the num-
ber that I have, the product will be 266.” How many dollars
has each ?

41. A man has three children, A, B, and C; A béing the
oldest, and C the youngest. Now, the difference of A and B’s
ages exceeds the difference of B and C’s by 6 years. The sum
of all their ages is 33 years, and the sum of the squares of
their ages is 467. Required their ages.

42. A farmer sold 80 bushels of wheat and 100 bushels of
rye for £65; and each at such a rate that he sold 60 bushels
more of rye for £20 than of wheat for £10. What was the
price of each ?

SECTION IV.

CUBE ROOT.

Since the cube, or third power of any quantit'y, is found by
using that quantity three times as a factor, it follows (169)
that the cube root, or third root of any quantity, must be one
of the three equal factors wluch form it.
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The process of finding the first power from the third is called
extracting the cube root.

Thus, a is the cube root of a? since a X a X a = a®, and
5 is the cube root of 125, since 5 X 5 X 5 = 125.

By referring to the Table in Sec. IV., Chap. VL., we see,

189. (1.) ‘That the cube of any number containing UNITS
alone lies between 0 and 1000, or 10*; and hence,

(2.) That it never contains more than three figures.

(8.)¢ That the root is derived directly from the given power.

Agam, if we multlply each of the nine digits by 10, which
is done by removing each into the place of tens, and then cube
the result, we shall have

100 =1000,  40°—64000,  70* — 343000,
20°=8000,  50°=125000,  80*= 512000,
80* =27000,  60° =216000,  90* —729000.

From this table we see—

190. (1.) That the cube of any number containing TENS
alone lies between 1000 and 1000000, or 100°.

(2.) That the last three places are zeros; hence, it has no
significant figure below thousands.

(8.) That the root is derived, as above, from the table of
powers.

"If the number is composed of tens and unifs, as 45 = 40
-+ 5, its cube, like that of a - b, will consist of four parts.

Let a represent the tens, and b the units. Then (a 4 b)*
= (40 + 5)*=a® -} 3a% + 3ab® 4 1* =40 43 X 40* X 5
+ 8 X 40 X 5* 4 5°=91125. Hence, we see,

191, (1.) That the cube of any number containing TENS
and UNITS 1s equal to the cube of the tens, + three times the
square of the tens by the units, 4 three times the tens by the
square of the units, - the cube of the units.

(2.) That these parts are so blended as to disappear in the
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:
numerical addition ; yet that the cube of the units (189, (1))
cannot be above the hundreds, mor the cube of the tens
(190, (1)) below the thousands.

(8.) That the root is derived from the power by reversing
the steps by which the power 4s formed. .

Let it be required to extract the cube root of 79507. Its
root must contain tens, otherwise the power would have but
three figures. It must also contain units, since the last three
places are not zeros. See (190) and (191).

Let a = the tens, and b = the units. Then,

a* + 3a%b + 3ab® - ¥ = T9507.

As in the square root, let us first seek the tens. The third
power of the tens (190) must be above the hundreds. Hence,
the first three figures, or 507, may be set aside, or pointed off.
Looking in the table of cubes above, we find the next greatest
cube to 79000 to be 64000. Hence,

a* = 64000, and
a =40.
If now from a® - 3a% -+ 3ab? 4 b* = 79507, we take
a* == 64000, we have left

8ab + 8ab® - b* = 15507, or by (95,(1)),
(8a* + 8ab 4 b*)b = 15507.

To find the units from this remainder, we must divide the
first member by 8a* + 3ab + 4% and its equivalent 15507 by
the numerical value of the same. But in constructing a
divisor from the numerical value of 8a* }- 3ab 4 %, we meet
with a difficulty. The value of » must be known before we
‘can substitute it in 8ab 4 8*; yet, as 3a* is known, being
equal to 3 )X 40*=4800; and as we need only the leading
figures of the divisor to find the quotient figure, we seek how
many times this trial divisor, 4800, is contained in 15507.
Having thus found 8 =5, we proceed to make up the numeri.
cal value of the divisor.
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Thus, 8a* = 4800

8ad= 860

= 9

8a? + 8ab + = 5169
Multiplying by & = 8, we have

8a*b 4 Bal® 4 b = 15507.
This operation may be exhibited thus,—

Z'+3a*b+3ab'+b' 79507 | 40=a  Tens.
a* =64000 83=>0  Units.
4800=3a' Trial divisor.
30+ 3ab* 4 *=15%07 | 360=23abd 2d term of div.
3a% 4 3ab*-}- 1¥*=15507 9=0" 8d term of div.
0 0 0 0 5169=38a*+4 3ab+4 b6*=
Complete divisor.

In case there are one, two, or three figures in the given
power, the 8d root-is taken directly from the table. When
there are jfour, five, or six figures, we place a point over the
unit figure, and another over the third figure to the left, ta
separate the thousands which contain the cube of the tens
from the figures below ; thus showing also by the number of
periods how many figures there are in the root. If the given
power contain seven, eight, or nine figures, we proceed in the
same manner as above. Pointing off three figures, we know
that the cube of the tens must be in the figures to the left;
and since there are more than three figures left, it is certain
that the root of the tens must contain more than one. Point-
ing off the lowest three, because the cube of the highest figure
is not found in these, we seek the highest figure, as if we had
a new number containing tens and units in its root.

Thus, to extract the cube root of 19902511, we point off
511, and seek for the cube of the tens in 19902 ; but since .
this contains more than three figures, there must be two figures
in the root, and the cube of the highest has no part in 90‘7

18* ]
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Pointing off these last, we seek the greatest cube in 19. The
numgber thus pointed will stand thus:
‘ 18902511.
Each period will give one figure in the root. In extracting

the root, we will omit the zeros, but must be careful to give
each figure its local value. The work will be thus represented :

19902511 [ 271 . Root. ' .

8
11902 | 12 =8 x Bundreds. Trial divisor.
42 =8X2X7 Tens.

49=" Units.
1669 — Complete divisor.
T

11683 11683
219511 [ 2187 =38 X 2T*
81 =3x2TX1

1=1
219511 = Complete divisor.
1

219511 | 219511

From the above illustrations, we may derive the following
rule for the extraction of the cube root:

192. (1.) Separate the number into periods of three figures -
each, by placing a point over the unit figure, and over every
third figure to the left.  The left hand period may contain one,
two, or three figures. )

(2.) Find the greatest cube root in the first period, and
place it at the right of the given power for the first root figure.
Subtract s third power from the left hand period, and bring

. down the next period; which must be annexed to the remainder
Jor a dividend.
(8.) Take three times the square of the root already found,
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Jor a trial divisor, and see how many times it 1s contained in
the hundreds of the dividend, and write the result for the
second figure of the root. Add to the trial divisor three times
the root already found multiplied by the tast root figure, and
the square of the last root figure, putting each result one place
Sarther to the right than the preceding number. The sum
will be the whole or completed divisor.

(4.) Multiply the entire divisor by the last root figure, and
subtract the product from the dividend. To the remainder
annex the next period for a new dividend.

(56.) Divide the hundreds of this new dividend, by three times
the square of the whole root found, for the third figure of the
root; and after completing the divisor as above, multiply the
entire divisor by the last root figure. Repeat this process till
all the periods have been brought down.

Remarks.—(1.) If the trial divisor s not contained in the hun-
dreds of thg dividend, place a zero in the root, and two zeros to the
right of the trial divisor, for a new divisor ; and bring down the next
period for a new dividend.

(2.) If the product of the oompleted‘isor by the last root figure
should ezceed the dividend, diminish the last root figiure by one, and
complete the divisor again. -

(8.) If there are decimals in the root, there will be three times as

s
many in the power; for (-1}5 that

1 ( 1 )‘_ 1
T 1000" \200/ ~ 80UULLY’
is, (.1)=.001; and (.02)® =.000008, &c. Therefore, if there are
decimals in the power, point from the units every third place to the
right, annexing zeros, if necessary, to complete the last period.

(4.) The cube root of any number may be approximated to any
. degree of accuracy, by annexing three decimal zeros for each decimal
required in the root.

(5.) The cube root of a fraction may be approximated by multiply-
ing both terms by the second power of its denominator. Or better,
reduce the fraction to a'decimal, and extract the root as above.

Thus, %: .666, &c., the root of which may be approximated to any

degree of accuracy by annexing .666 as required.
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We will extract the oube root of 347 to 8 decimal places.

847.17.027 + Root
848 [ .
3000 | 147
4000000 | 14700
420
4
2048408 | 1474204 X 2
1051592000 | 1478412
14742
49
1085920683 | 147988660 X 7
15671817 Rem. .

Extract the cube root of the following numbers. If neces-
sary, carry the root to three decimal places.

1. 140608, 11. 7.

2. '79507. 12.18. °
3. 1124864. ' 13. 104.

4. 12326391. @ 14. .176.

5. 131.872229. 15. .865.

6. 242970.624. 16. .000027.
7. .523606616. 17. 1128.45.
8. §13. 18. 83§.

9. }3. 19. 3.

10. 17884 o 20. 63.

If we have an equation of the 3d degree (180), or cubic
equation, it is solved by extracting the cube root of each
member. Thus, if

o == 125,

x=25.
Perform the following examples in cubic equations :
21, 22 _ 6 —156.

9
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22. Two numbers are to each bther as 2 to 8 ; and the sum
of their third powers is 280. .

23. There is a certain chest, containing 320 cubic feet.
The depth is to the length as 2 to 5, and the width is to the
depth as 2 to 1. 'What are its dinrensions ? :

24. There are two numbers, the sum of whose third powers
is 2240, and the difference of these powers is 1216. Required
the numbers.

25. There is a certain field whose breadth is to its length
as 2 to 5, which is worth } as many dollars a square rod as
there are rods in the length of the field. The price of the
field is $6400. What are its dimensions?

/

CHAPTER VIIL
IRilATIONAL QUANTITIES, OR SURDS.

SECTION I
BIMPLIFICATION OF IRRATIONAL QUANTITIES.

THERE are many quantities whose exact roots cannot be
taken. Thus, it is impossible to extract the 2d root of 8, the
8d root of 9, or the 4th root of @®. Hence,

1038, Az algebraw quantities are,

(1.) RATIONAL, when their exact roots can be takcn J—

(2.) IRRATIONAL, or SURDS, when their exact roots cannot
be taken.

Thus, 1/9a? is a rational quantity, because the exact square
root of 9a? is 3a; but 15 and Pa? are irrational quantities,
or surds.
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194. Irrational quantities are of the same degree when the
indices of the roots are the same ; otherwise, they are of differ-
ent degrees.

Thus, V'm and V5 are of the same degree; but 1/ and
/7 are of different degrees.

195. Irrational quantities may be expressed in two ways ;—

(1.) By the RADICAL SIGN, in which case they are called
radical quantities.

(2.) By the FRACTIONAL EXPONENT, tn which case they are
called quantities with fractional exponents.

° ".[‘hus, Va= q*, see (170); Va* = o ; V25 =5%.

In case of numbers, the roots of an irrational quantity may
be approximated ; but in case of algebraic quantities, they can
only b‘é indicated.

Thus, 12 =1.4142 nearly; but /m =m} cannot be
approximated.

Indicate the following roots, both by the fractional exponent
and by the radical sign.

1. 2d root of . 6. 4th root of 725"
2. 8d root of 15. 7. 8d root of 20atd?.
3. mth root of & 8. 8th root of 4z%". -
4. 'Tth root of 27a*tb. 9. 5th root of 25a%b°*.
5. 3d root of . 10. 84 root of 2.
b : 8m

Since the root of any quantity is eqhal to the product of
the roots of its factors (172), all irrational quantities which
contain as a factor an exact power of the required degree can
be simplified. )

Thus, V'128a%* is (172) equal to 1V'64a'y* X V' 2ay.
Extracting the root of the first factor, we have 8a%1/2ay.

In the same manner (72%") = (zy)t (Tay)t = ay(Tzy’)t.
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‘We have, then, the following rule for simplifying irrational
quantities :

196. (1.) Separate the given quantity into two factors, one
of which shall be an exact power of the required deyree.

(2.) Extract the root of this factor, and multiply it by the
tndicated root of the other factor.

REMark.—If the given expression be a polynomial, each of its
* terms must be divisible by the power of the required degree (96, (1)).

Thus (56a*m? — 64a3m®)} = (8a%)} (Tam? — 8m3)t — 2a(7Tm* — 8ma)},
Simplify the following surds :

11. v8min. - 16. (50a%b)t.
12. P/16a%" 17. (320m‘y)§.
18. Vivsrs 18. (16028}, ..

14. V/18m*n — sum*. 19. (162a%x® + 812k,

15. ¢'108a% + 27a. 20." (128m®n® — 256msns)3.

‘We may reverse this operation, and place any quantity under
the radical sign, or within the parenthesis having the frac-
tional exponent, by raising it to a power of the same degree
with the given root.

Thus ab = Va*? and 5= (125)*; Vb =vV4xX Vb
=1/E and bm(2a)} = (125m*)} X (2a)} = (250am*)};

ot () = (22

In the same way perform the following examples: .

21. amy/m. 24, gwm .
22. &/5a. 25. ™1/%a.
3 5n

23.8ab ¥ 6ab. 26. 2a(b)?.
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27. J(12a3)}. 29. 3m¥(3mn)d.
28. Tz}(2mn)t. 30. §f(a + ot

When the irrational quantity is a fractum, it may be sim-
plified by the following rule:

197. Multiply both terms of the fraction by any quantity
that will make the denominator an exact power of the required
degree.  Scparate the resulting fraction into two factors, one
of which shall be a perfect power of the required degree. Ex-
tract the root-of this factor, and indicate that of the other.

L]
Thus to simplify (3—2) , multiply both terms by 35*. We
shall then have,

(32)" = (725)" x Ganp = S eatt.

To simplify \/4 , we must multiply by 7=, thus,

Im 28mn 4 7
2 = Nagm = Vg X ™™ "—— ma.

Simplify the following fractional surds :

3a? ] - m
31. (E)' 35. \’67;

8m\ 1 2 Ba?
32. (1?1?) 86. $\zp-
27a2\ ¥ ‘\’/8_:5-
.83, 2( Pl ) 8. Ngr

8 \# 2m |c
84, 5a(§%). 38. 5\/13
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SECTION II.
ADDITION AND SUBTRACTION OF IRBATIONAL QUANTITIES.

Irrational quantities, like other algebraic quantities, are
udded or subtracted when united with their proper signs.

Thus, y/a + 1/ is the sum of }/aand /b, and. can be
reduced to no simpler form.

‘When expressed by the fractional exponent, the case is the
same.

Thus m¥ + ni, and 2% — g2, are irreducible quantities.

A reduction however may take place, when the irrational
quantities are similar.

198. Two irrational quantities are similar when they have
precisely the same quantity -affected by the same fractional
exponents, or are placed under radical signs having indices
of the same degree.

Thus 81 a and 51/ are similar; so their equals, 3a# and
5at; so V@ and 2V or af and 24% are similar.

Sometimes irrational quantities apparently dissimilar, become
similar by applying the preceding rule for simplification (196).

Thus 1/50 + 41/8, are apparently dissimilar; but /50 =
V2 X256 =5V2, and 48 = 41/2 X 4 = 81/2. Hence,

V50 + 48 =5y2+8/2= 131/§.

In the same manner,

124 758 =4t x 3%  25% % 82—2 % 8t |- 5 x 8¢="Tx 38}

Hence, to add or subtract irrational quantities :

199. Indicate the addition or subtraction by the proper
signs ; then simplify if possible, and reduce similar terms.

Nore.—The learner should become accustomed to use either the
radical sign or the fractional exponent, with equal facility.

Add a1/ T2 to V1280 — 51/ 2a%.
19
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The indicated sum is a}/72 + 11284 -— 5y/2a*. Sim-
plifying, we have 6a)/2 + 8ay/2 — ba}/2 = 9ay/ 2.

Subtract 2m(27a)t — m(8a)} from 8(5dam)3.

. Indicating the difference, we have,
8(64am?)} — 2m(27a)¥ + m(8a)§.
Simplifying and reducing, we have,
82m(a)} — 6m(a)t + 2m(a)} = 28mat.
. Add ay/ab and my/ ab.
. Add 132 and V/50.
. Add m@P'27a® and Sap am?.
. Add 23_“ 7167 and 29/ @' -+ o/ Bz
. Add 11/F and 1V/T.
. Add (243)} and 5(363)L.
Add 2abt and 3bm.
. Add 5a§a:§and Sadz ? a¥z.
2 9
. Add (E) ad {5) -
. Add 2a(50m*)} and b(162m)L.
. Subtract (E)* from (é)*
5 3

. Subtract 2atb — 84t from 4a¥d — alb.

. Subtract ma} + 4ma} from Smad + 2mab.

. Subtract (250a)} from 4(16a)3.

. Subtract 42(18m)} from 5(8ma)3.

. Subtract 1/16m® from 1/ 25m®.

. Subtract 1/ % from 41/ TE

. Subtract 127 — 21/12 from V363 + 51/48.
. Subtract 29 1924® from a7¥24.

. Subtract 2¢1/18 — 812" from m1/50a".

© 0TS, o WM

et e
- O

DO =t bk b e e el et e
S © 0 =T O O b WO
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SECTION IIIL
MULTIPLICATION AND DIVISION OF IRRATIONAL QUANTITIES.

To multiply or divide irrational quantities of any degree,
we first indicate the operation.

Thus, /@ X 15, or a¥ X b3, is the indicated product of two
irrational quantities of the same degree; and V/a X ¥, or
at X b%, is the indicated product of two irrational quantities
of different degrees.

The indicated quotient of the same quantities would be

respectively ﬁ = a_i, and Q = a_*.
ve ot b

When the irrational quantities are of the same degree, we
may place the product or quotient under the same radical sign,

or the same fractional exponent. Thus, in the examples given

3
above, we shall have (172) V'ab = (ab)} and \/% = (%’ ) )

But when the irrational quantities are of different degrees, we
cannot take the actual product or quotient as above, until they
are reduced to equivalent quantities having a common index.

Thus V'a X ¥5, or at X b3, may be reduced to equivalent
expressions having roots of the same degree. For af, or
Va =ad}, or V&, since if we raise a quantity to any power
and then extract the same root, its value will not be changed.
Here multiplying the numerator of the fractional exponent by
8, raises the quantity to the 8d power (175), and multiplying
the denominator extracts the corresponding root. Hence,
at = ot —_~1'/a'and b§=b§=f/§. Aas these quantities are
now of the same degree, we may place the preduet or quotient
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under the common sign. Then at X 33 = at X 3¢ = (a%*)} 3
or using the radical Va X Pb=1Va* X V& =1 a0, as
above. Hence, to reduce irrational quantities to equivalent
expressions of the same degree,

200. (1.) When expressed by a fractional exponent ;—

Reduce the fractional exponents to the least common denomi-
nator.

(2.) When expressed by the radical sign ;—

Multiply each index by that quantity which will make the
indices alike, and multiply the exponent of each factor under
the radical by the same quantity.

Thus, a¥ % 268 = ot X 2b7% = 2(a't%)rY.

8o Vaxz X 3¢ a'm = VoD X 3i./a‘°mf=3i‘/a"m“.z‘
=8aVam’s®

Hence, to multiply or divide irrational quantities,

201. (1.) Indicate the operation to be performed.

(2.) Take the product or quotient of the coefficients.

(8.) If the irrational quantities are of the same degree,
place their product or quotient under the same radwal szgn,
the same fractional exponent.

(4.) When the quantities are of different degrees, reduce
them to equivalent quantities of the same degree, and then pro-
ceed as above.

Nore.—The result must always be simplified when possible.
To multiply {]/N by gl/— we shall have 7}1/ 5 X gl/ $
={X P X = F=§/ % X2=V2
To divide 31780 by $1/2, we have 21/80 — 31V2=3}
X =p D=0
To multiply a + V'3 by a — I/Z,_Wﬁtae the quantities
under each other, and multiply as in Sec. VI., Chap. II.
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Indicating the division, we shall have
19% a—

© 0 =T O D
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a -+ 14

a— Vb

a’—[-a]/Z
—aVb—y ¥ ord
a*—b See (82).

. Multiply 5att¥c by 3ad¥ct. = -~
. Multiply 4, 3(2)%, and (2)%.
. Multiply 6(288)% by 4(8)%.

Multiply 5a¥bict by afsics.

. Multiply 2a%b~ by dambs. =

. Multiply 31/ by 4v/5. -

. Multiply 79/m by 8%/'m*.

. Multiply o}/ by c@d.

. Multiply 7 + /3 by 7— /3. ~
. Multiply @ + Vo bya—V4d.

. Multiply 2%/3 by 8349.

12.
18.
14.
15.
16.
17.
18.
19.
20.
21.
22.

Multiply %1/; by }1/5
Divide 6a¥ by 2a3.

Divide 1255 by 364,
Divide 15(128)? by 3(2).
Divide }(6)} by §(12)%.
Divide (a + 8) by a' 4 b. -
Divide 9(ab)? by 3(3)t.
Divide 61/a by 2¢a.

‘Divide 5¢/54 by 3¢/Z. -

Divide 71/bc by 141/
Divide a 4 /b by a — V3.

a+1/3

221
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make the denominator of the fraction rational, by multiply-

: both te b b (82). (a+]/3)(a+]/3)
fng bots terms by @4V E B @t VB

_a*+42a/b4b

- a—b
23. Divide 10 4+ /3 by 10 — /3.
24. Divide 6 —1/2 by 6 4 12.
25. Divide 5 + 1/5 by 8 — /5.
26. Divide m — /= by m + V'z.

SECTION IV.
POWERS AND ROOTS.

To raise an irrational quantity to any given power, we pro-
ceed a8 in the case of any other algebraic quantity, that is,
we multiply its exponent by the index of the required
power, (161).

Thus the 8d power of a? =a}, and the 6th power of
2(a)t = 64at or 64a*.

If the radical sign is used, the case is the same, for (1/m)®
=1/1;‘=m', and the 3d power ofthef/_-zf/;‘:}/z_‘
for (1'/;“ P = (z*)‘ or ¥ — of — 1/;'

Hence to raise an irrational quantity to any given power,

202. Multiply the numerator of the fractional exponent, or
the exponent of each factor under the radical, by the index of
the power.

1. Find the 2d power of Tat!,

2. Find the 5th power of Jafyd.

8. Find the 3d power of 5afa?.

*
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. Find the mth power of a(z — g)¥.
. Find the 3d power of anb¥ers.

. Find the 2d power of }/ab.

. Find the 8d power of }/zy.

. Find the 4th power of my/{(a + b)-

Find the 3d power of 61/ (m—+n)t
Find the mth power of a¥)/abe.

To extract the root of any irrational quantity, we divide the
exponent by the index of the required root. (171.)

Thus the 3d root of af = a¥, (125); the 2d root of 9zf —

8x3.

Using the radical sign we shall have the 3d root of

¥/ a =18, and the 2d root of 92 =8}/ 7 =38yz. So
the mth root of 5/a + 6 = /5 X V& + b.
Hence to extract any root of an irrational quantity,

208. Multiply the denominator of the fractional exponent,
or the index of the radwal by the index of the required root.

1L
12.
18.
14.
15.
16.
17.
18.
19.
20.

Extract the 2d root of 49a%23.
Extract the 3d root of 3am?.
Extract the 7th root of xy?z*.
Bxtract the mth root of 3a¥dn.
Extract the 3d root of 27a%(m -+ n)Y.
Extract the 2d root of ' m™n’.
Extract the 3d root of 81/ab.
Extract the 2d root of ,951‘/5;.
Extract the mth root of 1/(a + b)*
Extract the 3d root of %}1‘/ (m—n)y.
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SECTION V.

MISCELLANEOUS EQUATIONS OF THE SECOND DEGREE.

1. Given /5 + 4x =1, to find the value of x.

In such examples as the above, where the square root of the
first member is put equal to the second, the equation is solved
by squaring both members. Thus,

V5+4x=T.
5 4 4x =49.
4$=44.
z=11.

2. Given, (256 —#*)* +-=7.  Transposing,
(25— a?) —7 — . Squaring both members,
25 —a?—49 — 14z + 2%  Reducing,

! —Toe =—12.
a:—-;’ =+ %.
x=4or3.
In the same way perform the following examples :
3. V16 —z=3.

4. V81 "2z 4 x=2x+4 2.

5. ]/$+11=1/;+ 1.

6. (z—28)t =14 — ()L

7. Given = + 2y/z =38.

This is an affected equation, corresponding to 2* 4 2az
=mn. The first term of the root will be 1/, and the second
term will be 1. 'Whenever an equation, like the above, con-

tains two powers or roots of the unknown quantity, one of
which is the square of the other, it may be reduced to
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the form z* 4 2ax = n, and solved by completing the square.

Thus, 42V x4 1=09.
Va4+1l==3.
Vz=2or —4.
" @=4or 16.
8. z—8y/z=09.

9. Vz +6yz=16.
10. «* — 62® =16.
11. 2z* — 2* —=496.
12. 528 — ot =18 -
13. Given z -+ 2 + 6z + 2 =27.
Here, if 1/ + 2 be regarded as the unknown quantity, the
equation may be solved by completing the square as above.

For convenience in writing, let any letter, as y =1z - 2.
Substituting in the above equation, we shall have,

¥+ 6y=2T.
¥+ 6y -+ 9 =386.
.‘y+3=i6.
y=38or—9.
Now putting vz + 2 equal to y, we shall have
Vae+2=38o0r—9.

x4+ 2=9 or 8l
x="Tor79.

14. Givén a? — 3z —2y/2* — 8z | 6 =2. :
In this equation if we add 6 to each member, we shall have
the first member reduced to the form z* — 2ax —=mn, the
unknown quantity being 3/z* —8x 4 6. Let y = this
quantity ; then,
P
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»y—2y —8. By completing the square as above,
y =4 or — 2. Substituting,
Vo —38r+6=4or —2
a*—8x 4 6 =16 or 4.
2% —8x — 10 or —2.

Now completing the square, using both values of the equa-
tion, we shall find that = has four values; viz. 5 or —2,
and 2 or 1.

15. x+410—38yz+ 10 =4.
16. x4 5y/z+ 13 =—23.
17. o —2y/2* — 13 = 87.
18. 22— 5z 4 8)/2x"— bz + 4=24.
19. V9x+6 _16—v=
'|/x+2 Vz
20.31/92.;8 vz—1_15
Vz+1 Vz+8 1

. 1) bx—2y==z+y.
21. Given { (2) 2 +y' =25

42 — 8y. Transposing in the 1st,
T = ﬁZ Substituting in the 2d,

4

W oy =2

25y* =25 X 16.

y*=16.

y=t4.

z=_—t3.

. ) zy=24.

22.G1ven{( 2.) o + y' — 59.
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Adding twice the 1st to the 2d, and then subtracting twice
the 1st from the 2d, we have,
(B.) =24 2zy 4+ y*=100.
(4.) =*—2zy+ y*=4. Extractingsq. root,

®.) x4+ y=210.

6.) r—y=—=2.
Adding (5) and (6), 2z = +12 or 8.
Subtratting (8) from (5), 2y = +8or +=12.

&=+ 6 or + 4.
y'-_—i401‘ + 6.

. Q. a? - ay = 84.
23. Given { (23 2y 1 4 — 60,
Adding (2) to (1), @'+ 2xy -+ y* =144
Extracting sq. root, z+y==+12
Separating (1) into factors, x(z + y) — 84.
+ 12 2 — 84.
r==+1T.
y== 5.

. @) «t—yt=0671.

24. Given { A

(8.) Dividing (1) by (2), 2> — »* =11.
Adding (2) and (3), 2a® —=T2.

Subtracting, 2y* = 50.
x* = 36.
¥y =25.
x— =+ 6.
y==5.
25. Qi @) o 4y =91
5. Given { @) 2y + xy* = 84.

Add three times the 2d to the 1st equation,
3. 2 4 3xty + Bay* 4 y* = 343.
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(4.) Taking the cuberoot, x4 y=T.

(5.) Factoring the 2d, axy(x 4 y)=84.

6.) Txy = 84.

) xy =12.

‘We may find the value of  in this equation, and substitute
it in the 4th ; but it is much easier to square the 4th and sub-
tract 4 times the 7th from it. Thus,

@ - 2z2y 4+ y* =49. Subtract 4xy —48,
a*—2zy +y*=1.

zt+y==+T.
z—y==+1
Taking the plus value, x=4.
y=3.
o'y -+ xy* =120.

)
26. Given { (2 2y + iy — 1800,

(8.) ay(xz+ y)=120. Factoring,
(4.) 2*y(x 4+ y) =1800. Divide (4) by (8),
2y =15.  Substituting in 3,

x4 y=_8. ‘
The values of  and y may now be found as above.
8x—2y 2 .
27. z—1 = 7
Sxy —120.
xy = 68.
28. {x’ 4y =130.
‘ { Yy = 50.
30. 2 —xy 4 2 =109.
2zy =— 120.

31, { Va+vy=15
1/x—1/37=3.
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a® — 3yt =728,
32. {a:'—,y’=26.

33.

2y 2% = 700,

z'y + xy* = 84.

2yt + o = 1008,

{

a4 { 2y + 2yt =10
85. {
{

Norz. Divide the second equation by the first.

* 4 3* = 280.
7. {:c’y+xy’=240.
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CHAPTER IX.
PROGRESSION AND PROPORTION.

SECTION I
ARITHMETYICAL PROGRESSION.

208. An ARITHMBTICAL PROGRESSION 18 a series of num-
bers whose terms vncrease or decrease by the addition or sub-
traction of the same quantity, called the COMMON DIFFERENCE.

Thus, 1, 8, 5, 7,9, 11, is an arithmetical progression, whose
common difference is 2.

204. An arithmetical progression is—

(1.) INCREASING, when its successive terms are formed by
the addition of the common difference ;

(2.) DECREASING, when its successive terms are jformed by
the subtraction of the common difference.

Thus, 2, 5, 8, 11, 14, is an increasing progression.

18,11, 9, 7, 5, is a decreasing progression.
To derive a general rule for finding the last term in any
arithmetical progression,
Let a — the first term,
d = the common difference,
n — the number of terms,
and ! — the last term.
Then the progression, if increasing, will be
e, (a +d), (a + 2d), (a + 3d), (a + 4d), &e.
That is, the 2d term — a - the common difference,
The 3d term — a -} twice the common difference,
The 4th term = a -}- three times the common difference,
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and so on, each term being equal to the first term plus the
product of the common difference by a number less by 1 than
that which marks the place of the terms. The 8th term, for
instance, is equal to a 4 7 X d, and the nth or last term will
be a + (n —1)d. That is, putting I for the nth term,

l=a+ (n—1)d.
If the progression is decreasing, the formula will be
l=a—(n—1)d.

Hence, to find the last term in any progression,

205. Multiply the common difference by the mumber of
terms less one; add the product to the first term, if the pro-
gression 18 tncreasing ; and subtract it, tf the progression 13
decreasing.

‘What is the 20th term of the progression 7, 12, 17, &e.?
Here a =", d =2>5, and n =20 ; then
I==T+4 (20— 1)5="17 4 95 =102.
1. What is the 50th term of the series 8, 11, 14, &o.?
2. Find the 20th term of the series 158, 153, 148, &o.
3. Find the 30th term of the progression 2, 4, 6, 8, &o.
4. Find the 12th term of the series 60, 56, 52, &e.
5. The first term in a series by difference is 8, and the
common difference is 5. What is the 10th tetm ?

To find a formula for the sum of the series, we will let §
represent the sum, which is manifestly obtained by adding the
successive terms of the progression. As the value of n is
indefinite (52), we cannot write out all the terms, and must
therefore use points to supply the place of the terms omitted.

Then S=—=a 4 (a+d) 4+ (a42d)+....+ 1

Also S=I4+(l—d+(0—2d)+.... +a
This last equation is the same series inverted, that is, the
last or nth term is written first. The sum will evidently be
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the same, in whatever order the series is written. Now, if we
add these two equations, we shall have,

28=(@+D+@+D+@+D+...+@+D.
That is, 2.8 will equal a -  repeated as many times as there
are terms, or n times. Then
28 =n(a +1?).
g="atD

Hence,

208. The sum of the terms is equal to half the product of
the sum of the first and the last terms by the number of terms.
‘What is the sum of 16 terms of the series 5, 9, 18, &e. ?

Here a =5, d =4, n =16.

‘We must first find / or the last term.

1=>5-4 (16 —1)4 =15 4 60 = 65.
S— 16(652-{— 5 __16 )2< 0_ 8 % 70 — 560.

6. Find the sum of 30 terms of the series 3, 5, 7, &c.

7. What is the sum of 12 terms of the series 100, 95, 90, &c. 7 «

8. Find the sum of 15 terms of the series 50, 493, 49,
481, &eo.

9. Find the sum of 40 terms of the progression 6, 13, 20, &e.

10. There are 10 flower pots in a straight line 6 feet apart,
and a well placed 25 feet from the first flower pot. How far
must a boy travel to water the plants, if he return to the well
for water after watering each flower ?

The above formulas are sufficient for all possible cases; but
it is sometimes convenient to find S without first finding /, by
substituting the formula for / in that for S. Thus,

: l=a+ (n—1)d.
g_™a+D

2 Hence,
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S_n[w+a+(n——1)fi]=n[2a+d(n—1)]
- 2 2

__2an+ d;z(n —n_ an + dn(n — 1).

2
Performing the 6th example by this formula,
=38 % 80 4 w(z)x_zg

S=190 4 30 X 29 =960.

Perform the 7th, 8th, and 9th in the same way.

The following problems may be solved by the principles
given above:

11. Find four numbers in arithmetical progression, whose
sum is 78, and whose common difference is 5.

Let z = the first term.

12. Find three numbers in arithmetical progression, such
that their sum shall be 63, and the product of the extremes
shall be 405.

Let & = the middle term, and y the common difference._

13. Two men, 294 miles apart, set out at the same time to
meet each other. The first travels 40 miles the first day, 34
the second, 28 the third, and so on. The second travels
regularly 20 miles a day. In how many days will they meet,
and how many miles will each travel ?

Let 2 = the number of days, which will also be the number
of terms.

14. There is a number consisting of three digits, which are
in arithmetical progression. The sum of the digits is 9; and
if 396 be subtracted from the number, the digits will be
inverted. Required the number.

Let x = the middle digit, and y the common difference.
20 %
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SECTION IIL
RATIO AND PROPORTION.

207. RATIO 18 the quotient arising jfrom dividing one
quantity by another.

Thus,gor3istheratioof6m2; %istheratioof ato d.
Ratio may be expressed either in the form of a fraction, as

%, or by placing two points between the terms; thus, @ 3 &;
to be read, a is to b.

208. The two terms of a ratio are called a COUPLET; the
Jirst 4s called the ANTECEDENT, and the second the CONSE-
QUENT.

Thus, 3 : 4 and a : b are couplets; 3 and a are the antece-
dents; 4 and b the consequents.

‘209. A PROPORTION 138 an equality of two ratios.

Thus, 3 : 4=9 : 12, or a:b=c : d, is a proportion.
Instead of the sign —, four points :: are generally placed
between the equal ratios. Thus, 8 : 4 :: 9 : 12, which is read
Sisto4as9is to12.

210. In a proportion, the first and last terms are called
EXTREMES ; the middle terms are called MEANS.

Thus, in the proportion @ : b ::¢:d, a and d are the ex-
tremes, b and ¢ are the means.

Since a proportion is composed of two equal ratios, and
these may also be expressed in the form of a fraction, it fol-
lows that

211. A proportion may be converted into an equation by
putting the fractional forms of the ratios equal to each other.
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Thus, a : b :: ¢ : d is the same as

a ¢

b d
Clearing this equation of fractions, we have
ad = be.
But ad is the product of the extremes, and bc the product
of the means. Hence,
212. In any proportion the product of the means is equal to
the product of the extremes.
Thus, if 2 : 5 :: 8 : 20, then 2 XX 20 =5 X 8.
Again, if ad = be, we may divide both members by bd.
Thus, %{ = %; or cancelling common factors,

%“5’ or (209)

a:btierd. Hence,

213. If two equal products contain each two factors, the
Jactors of the one may be made the means, and those of the
other the extremes of a proportion.

Thus, 7 X 8 =4 X 14. Then
7:4::14:8,0r
4:7::8::14.

‘When three quantities are proportional, as
a:b::b:c, we have (211)
a b
=2

ac="5% and b =y ac. Hencs,

214. When three quantities are proportional, the square of

the middie term s equal tv the product of the extremes; and
the mean 18 equal to the square.root of the same product.
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Thus, 4 :8::8:16.
8*—4 X 16.
8=]/4 X 16=1/64=8.
Nors.—When three terms are in proportion, the middle one is said
to be a mean proportional between the other two.
In the proportion _
a:b::c:d, we have (212)
ad = be.
Now we may make any number of changes in the order of
the terms of this proportion, provided we still preserve the
equation

ad = be.
Thus we may invert the means, that is, we may have
c::b:d,
or we may invert the extremes, thus,
d:b::c:aq
or both, as
d:c::b:a.
The means and the extremes may exchange plaoes, as
bia::d:c
and then they may be inverted, as
c:az:d:b
c:d::a:d
b:d:ta:c
Hence,

2156. When four quantities are 1n proportion, they will still
be in proportion, whatever changes be made vn the order of the
terms, provided the product of the means remain equal to the
product of the extremes.

Thus, the following changes may be made in the proportion
2:4::8:16.
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2:4::8:16. - 8:2::16 : 4,
2:8::4:16. 8:16::2:4.
4:2::16: 8. 16:8::4:2,
4:16::2:8. 16:4::8:2.

RemaRE.—Observe that if the second term is greater than the ﬁrst,-
the fourth must be greater than the third; and if the second term is
less than the first, the fourth must be less than the third.

If we have two proportions having a common ratio, as

a:b::c:d,
. a:b::x:y,
we shall have, by (211),
a "¢ a =z
—b — a— aﬂd —5 — ;.
Hence (16), 7:.—_ %
or (209) c:d::x:y.
Hence,

218 If two proportions have a common ratio, the remain-
ing ratios will be equal, and form a proportion.

Thus, if 5:15::1:3,
and 1:3::7:21,
then 5:15::7:2l1.
EXAMPLES.
1. Make a proportion from ax = bm. -

2. Find a mean proportional between 6 and 24.
Let & = the mean proportional.
3. Find the value of z in the following proportions (212):
z:5::16:20.
8:2::8:50.
7:56::2:112.
5:40::8: x.
4. Make a proportion from z? == mn.
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. * sy :: 100 : 16.
5. Given {2 —10:2+2::14:7.
4z —10y.
(2z —10)7 = (2y + 2)14. Divide by7md2
z—56=2y+ 2.
‘ . xt — y’ (x—y)::x4+6:3.
1 6. Gwen{ .19 : 8.

. x.y..508'
7. Given {2z+y;2x—16::9:1.

8. What third proportion may be derived from the two
following proportions !
z:3::y
:9::

SECTION IIL
GEOMETRICAL PROGRESSION.

217. A GEOMETRICAL PROGRESSION 78 a series ¢f lerms,
each of which 8 found by multiplying the preceding term by
a constant quantity called the common ratio.

Thus, 2, 6, 18, 54, 163, is an increasing geometrical pro-
gression, in which the common ratio is 3.

20, 10, 5, §, §, is a decreasing geometrical progression, in
which the common ratio’is §.

The ratio can always be found by dividing any term by the
one immediately preceding.

162
54

218. In a geometrical progression, ﬁve things are to be con-

sidered ; namely,

5

e =
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(1) The first term, or a.
(2.) The last term, orl.
(8.) The ratio, or r.

(1) The number of terms, or n.

(6.) The sum of the terms, or S.

Thus, in the progression 2, 6, 18, 54, 162, 486, a =2,
=486, r =3, n =6, and §="T728.

To find a formula for the last term, we will write a progres-
sion having a for its first term. Then as each term is formed
by multiplying the preceding term by r, the progression
will be.

1st. 24. 84 4th. Bth. nth,
a, ar, ar’, ar®, art, . .. a!

Nozz,—The dots are here used to supply the place of the interme~
diate terms, since # is indefinite (52).

It will be seen that the 2d term is formed by multiplying
the 1st term by the ratio; the 3d term, by multiplying the 1st
term by the second power of the ratio; the 4th term, by multi-
plying the 1st term by the third power of the ratio,—and so
to find any term, multiply the first term by the ratio raised to
a power whose index is less by 1 than the place of the given
term. Thus the 10th term =a X %, and the ath, or last
term, will be @ X 7*~!. Hence, .

{=ar1

That is,

219, To find the last term in any geometrical progression,
multiply the first term by the ratio raised to a power whose
exponent 13 1 less than the number of terms.

" Find the 6th term of the series 4, 12, 36, &c.

Here a=4, =238, and n =26 then
=4 X 35=4 X 243 =962.
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1. Find the 8th term of the series 4374, 1458, 486, &o.
Here a = 4374, r=%, and n = 8.

2. Find the 6th term of the series 9, 36, 144, &c.
3. Find the 5th term of the series 12, 3, §, &e.
4. Find the 12th term of the series 1, 2, 4, 8, &e.

The sum of the series is equal to the sum of all its terms;
that is,

S=a+darfar*+t+ar*4 ... 4 ar " a2t
Now multiplying this equation by », we shall have
rS=ar4+a?*+ a4 at+... 4 a4 ar”,
Comparing the 2d equation with the 1st, it will be seen
that all the terms in the 2d members of the two equations,

except @ and ar*, are similar. Hence, if the 1st equation be
subtracted from the 2d, we shall have

r§— S=ar—a.
S(r-—l):ar",—a.

art —a
S= T
Since /= ar"~, multiplying by r we have
.. Ir=ar.
Substituting & for ar* in the formula for S, we have
Ir—a .
S= —-
Factoring the first formula for S, we have
S= u. ¢
r—1

Translating these two formulas into words, we have the fol-
lowing rule for finding the sum of any geometrical progression.
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220. (1.) Multiply the last term by the ratio, subtract the
Jirst term from the product, and divide the remainder by 1
less than the ratio.

(2.) Ratse the ratio to a power whose index shall be equal
to the number of terms, subtract 1 from the result, multiply the
remainder by the first term, and divide the product by 1 less
than the ratio.

Thus, to find the sum of 8 terms of the series 2, 6, 18, &e.,
by the first part of the rule, we must first find Z

1=2 X 8'=2 X 2187 = 4374, the last term.
_ 43743 —2 181222

S= 31 = 2 =6560, the sum of the
Beries. )
By the second part of the rule,
— 8 —
S= “(:'_ 11) = 2(5_ 11) — 2(656; 1) — 6560, as
above.

5. What is the sum of 6 terms of the series 9, 36, 144, &e.?

6. Find the 9th term and the sum of the first 9 terms of
the series 3, 6, 12, &e. o

7. Find the sum of 10 terms of the series 5, 15, 45, &e.

8. What is the 5th term, and the sum of the first 5 terms,
of the series 2, 10, 50, &e.?

When the ratio is a fraction, as 1, 1, the equation »8 = ar
- ar?, &c., produced by multiplying the sum of the first series
by » = the ratio, is less than the original series, and hence
should be subtracted from it. Then we shall have, subtract-
ing the second equation from the first,
" S—r8S=a—ar.
S —r)=a—ar
a—ar®
S= i— .
21 Q )
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This is the same asifwehgdohmged all thesignsinthe

value of S as first found. For if S= —1

fraction, it is evident that ar® is less than q, and 7 less than 1.
Changing the signs in both numerator and denominator

(which does not alter the value of the fraction), we shall have
__—ar*+4a a—ar

S= S FT - 1—r , as above.

It will also be seen that where 7 is a fraction, the value of

,andrbe a

. . . . 1
7™ decreases in proportion as n inoreases. That is, if r=+;

-

1\ 1 . 1\
and n=>5; v‘=(§> =33 But if n=10, ™= (2)
1 if n = 20, (l)20 ! and if we s
I (7 Sl 1,048,576’ Tuppese

the series to be carried to imfinity, in which case » becomes
infinitely great, then the value of " becomes infinitely small,
and may be regarded as zero.

¥ now we substitute 0 for »* in the formula for the sum of
1:“:‘, we shall have

a0,0r §—_°

. o a
a decreasing series, =

S___

1—o

This is the formula for the sum of an infinite decreasing
series in geometrical progression, and may be thus translated
into words :

821, Divide the first term by the difference between the ratio
and 1.

To find the sum of 10 terms of the series 99, 38, 11,

a(l

§1, &c., we substitute in the formula §'= ——-i:—:), 99 for

a, -;- for r, and 10 for n. Then
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_.99d — ( )“)
1 —_
e 1 1\® 59048
(5) = o019 4 1 — (3) = pooas X 99 X 2
29524 X 11
2187
2
S= 32f;—$4 = 1481988, the sum of 10 terms of the seriea.

To find the sum of the same series carrM to infinity, we
substitute in the formula 8= L 99 for @ and l for 7.

_@_99 X §—1481
§

9. What is the sum of 5 terms of the series 12, 3, §, &e.?
10. Find the sum of the same series, carried to infinity.
11. Find the 10th term, and the sum of 10 terms of the

series 1, 1%, 13y, &e.

12. Required the sum of the same series carried to infinity.

13. What is the sum of the progressxon 20, 4, 4, &e,
carried to infinity ?

14. Find a mean proportional between 45 and 20.

15. There are three numbers in geometrical progression, of
which the first term is 2, and the sum of the terms is 62.
‘What are the numbers ?

Let x == the ratio; then the series will be
2, 2z, and 222

16. Required four numbers in geometrical progression, such
that the sum of the first three shall be 147, and the sum of
the last three 588.

Let = == the first term, and y the ratio.
Then z, xy, zy?, xy*, will be the terms of the series.

Note.—Divide the 2d equation by the first.
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17. There is an increasing geometrical progression consist-
ing of three terms. The sum of the series is 325, and the
difference between the first and the last term is 200. 'What
are the numbers ?

18. In a geometrical progression consisting of three terms,
the sum of the first two terms is to the sum of the last two
as 1 is to 5, and the sum of the series is 93. Required the
terms of the series.

(- ]

CHAPTER X.
MISCELLANEOUS EXAMPLES.

1. Divide $9289 between A and B, in such a manner that
A’s share shall be to B's as 2 to 5.

‘2. A man, dying, left an estate valued at $14832. In his
will he gave 1 of his property to his wife; and directed the
remainder to be so divided between his son and daughter, that
the daughter’s portion might be to the son’s as 3 to 5. What
was the share of each?

8. What is that number, to which if you add } of itself,
and from the result subtract 3 of the sum, ] of the remainder
83?7

4. A farmer bought 12 sheep, 5 cows, 2 yoke of oxen, and
3 horses, for 795 dollars. A cow cost as much as 6 sheep, a
yoke of oxen as much as 3 cows, and a horse as much as 3
oxen. What did he give for each?

5. A man divided a certain sum of money equally between
his son and daughter; but had he given his son 33 dollars
more, and his daughter 47 dollars less, her share would have
been but § of his. 'What was the sum divided ?
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8. Divide 46 dollars into two such parts that } of one and
1 of the other may be 10 dollars.

7. A man divided 198 acres of land between his three
children, in such a manner that A’s part was to B’s in the
ratio of 3 to 8; and O had as many acres as both his brothers.
‘What was the share of each ?

8. A man bought a certain quantity of wine fof 94 dollars;
and after 7 gallons had leaked out, he sold  of the remainder,
at cost, for $20. How many gallons did he buy?

9. If a certain number be divided by the sum of its digits,
the quotient will be 8; but if the digits be inverted, and that
number divided by 2 less than their difference, the quotient
will be 9. What is the number? .

10. Two friends bought a horse together; and when one
had paid % and the other § of the price agreed upon, they
still owed 21 dollars. What was the price of the horse?

11. In a certain university there are 384 students, # of
whom belong to the academical department; and in the depart-.
ments of law, divinity, and medicine, the students are to each
other as the numbers 1, 2, and 3. How many students are
there in each department ?

12. Divide $1170 among three persons, A, B, and C, in
proportion to their ages. Now, B is a third part older than
A, and A is half as old as C. 'What is the share of each ?

18. Three men, A, B, and C, pay a tax of 594 dollars.
The property of A is to that of B as 8 tq 5; and the property
of Bis to that of C as 8 to 7. What part of the tax is paid
by each? i

14. A father gives to his six sons $2010, which they are to
divide according to their ages, so that each elder son shall
receive $24 more than his next younger brother. What is the

ghare of the youngest son ?
21%



246 FIRST LESSONS IN ALGEEBRA.

15. If T multiply a certain number by 6, add 18 to the pro-
duct, and divide the sum by 9, the quotient will be 20. What
is the number ?

16. Divide 119 into three such parts that the second will
be 3 more than 3 times the first, and the third 3 more than 3
times the second.

17. A schoolmaster, being asked how many dollars he re-
ceived a month for teaching, replied, “ If T add 9 to } part of
the number of dollars I receive, multiply the sum thus obtained
by 7, subtract 15 from the product, multiply the remainder by
6, and then take away the cipher from the right of the number
last obtained, I shall have $54.” What were his wages?

18. Some travellers find a purse of money, which they
agree to share equally. If they take 5 dollars apiece, one man
will receive nothing; but if they take 4 dollars, there will be
7 dollars left. What is the number of travellers? What is
the sum to be divided 7

19. There are two numbers, the product of whose sum,
multiplied by the greater, is 144 ; and whose difference, multi-
plied by the less, gives 14. Required the numbers.

20. A courier had been travelling 4 days, at the rate of 6
miles an hour, when another was gent after him, who travelled

8 miles an hour. In how many days will the second courier
overtake the first, if they both travel 15 hours a day?

21. A gentleman has a rectangular garden whose perimeter
is 36 rods; and the square of the width is to the square
of the length as 16 to 25. Required its dimensions.

22. Two travellers, A and B, began a journey of 300 miles
at the same time. A travelled a mile an hour faster than B,
and arrived at his journey’s end 10 hours before him. How
many miles an hour did each travel ?

23. Two sportsmen, walking over a marsh, started a flock
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of plover. The first one fired, and brought down § of the
whole flock. Afterwards, the second one fired, and killed a
number equal to the square root of half the flock; when only
2 birds were left. How many birds were there in the flock ?

Nore.—Let z = the number killed by the second shot.

24. Required the side of a square field, which shall contain
the same quantity of land as another field, which is 72 rods
long and 18 rods wide. ‘

25, Three planters, A, B, and C, together possess 2658
acres of land. If B sell A 215 acres, then will A’s plantation
exceed B’s by 236 acres; but if B buy 1671 acres of C’s
plantation, both will have the same quantity of land. How
many acres has each?

26. Required two numbers, whose sum, multiplied by their
product, shall be equal to 12 times the difference of their
squares ; the numbers being to each other in the ratio of 2 to 3.

27. Tt is required to form a regiment, containing 865 men,
into two squares, one of which shall contain 7 more men in
rank and file than the other. How many men must each of
the squares contain ?

28. A man, having travelled 108 miles, found that he could
have performed the same journey in 6 hours less, if he had
travelled 3 more miles an hour. At what rate did he travel ?

29. Two persons, A and B, set out at the same time from
two towns, distant 396 miles; and, having travelled as many
days as A travelled miles daily more than B, they met each
other. It then appeared that A had travelled 216 miles.
How many miles did each travel per day?

30. Two merchants, A and B, trade in company, and gain
$1930.28. Of the capital employed, A furnished $4000 and
B $7000. What is each man’s share of the gain ?

31. A farmer being asked how many acres of land he
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ewned, answered, that the number was expressed by two digits,
whose sum, increased by 7, would be equal to three times the
left-hand digit; and he added, that, if he owned 18 acres less,
the digits expressing the number would be inverted. How
many acres were there in his farm f

82. Several gentlemen made an excursion, each taking the
same sum of money. Kach had as many servants attending
him as there were gentlemen; the number of dollars which
each had was double the number of all the servants, and the
whole sum of money taken out was 3456 dollars. How many
gentlemen were there ?

83. Four farmers, A, B, C, and D, hired a pasture, for
which they paid 81 dollars. A put in 4 cows for 3 months;
B, 8 cows for 2 months; C, 7 cows for 5 months; and D, 3
cows for 6 months. How much of the rent must each man
pay?

84. There is a certain number, the left-hand digit of which
is equal to 8 times the right-hand digit; and if 12 be sub-
tracted from the number, the remainder will be equal to the
squate of the left-hand digit. Required the number.

35. A man has two horses and two saddles, one of which is
worth $10, and the other $5. When the best saddle is upon
the first horse, and the worst saddle upon the second, the
former is worth just twice as much as the latter ; but when the
worst saddle is upon the first horse, and the best saddle upon
the second, the latter is worth $5 more than the former. What
ia the value of edch horse?

368. Find three such numbers, that the first, with 1 the sum
of the second and third, shall be 78; the second, with 1 the
excess of the third over the first, shall be 60 ; and 1 the sum
of the three shall be 66.

87. If I had 3 shillings more in my pocket, I could give 2s.
6d. to each of a certain number of beggars ; but if I give them
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only 2s. apiece, I shall have 4s. left. How much money have
I in my pocket? What is the number of beggars ?

38. A person had £27 6s. in guineas and crown pieces.
Having paid a debt of £14 17s., he finds that he has as many
guineas left as he has paid away crowns; and as many crowns
left as he has paid away guineas. How many crowns and
guineas had he at first?

REMARK.—A guinea is 21 shillings, and a crown 5 shillings,
sterling.

39. A laborer agreed to work 24 days for 75 cents a day,
and to forfeit his wages and 25 cents every day he was idle.
At the end of the time, he received $12. How many days
was he idle ?

40. Generalize the preceding example, by letting n equal
the number of days he agreed to labor, receiving a shillings
for every day he worked, and forfeiting & shillings for every
day he was idle. If he received d shillings at the end of the
time, how many days was he idle?

41. A cistern, containing 276 gallons, is emptied in 21
minutes by two cocks running successively. One discharges
16 gallons, and the other 11 gallons, in a minute. How
many minutes is each running?

42. A merchant has two kinds of wine; one of which is
worth 9s. 6d. per gallon, and the other, 13s. 6d. How many
gallons of each must he take, to form a mixture of 104 gal-
lons which shall be worth £56 7

43. A gentleman bought a quantity of broadcloth for $48 ;
and four times the number of yards were equal to three times
the price of a yard. How many yards did he buy, and at
what price ?

44. Two gentlemen, A and B, have rectangular gardens
contiguous to each other. A’s garden is 20 yards wide, and
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£ 96 long as B’s; and the surface of B's garden is to that of
A’sas 5 to 3. What is the width of B’s garden?

45. A miser, dying, left a certain number of eagles, as
many quarter-eagles, § the number of half-eagles, and dollars
enough to make the whole number of coins equal to } of
the value of the whole in dollars; and the eagles and dollars
together were 2 more than } the number of coins. How much
money did he leave ?

46. A farmersold 120 bushels of rye and barley ; receiving,
for a bushel of each kind of grain, as many cents as there
were bushels of that kind; and the barley brought only $
as much as the rye. How many bushels of each kind did he
sell 7

47. A gentleman distributed $47.50 among 30 men and
women, giving the women 8s. and the men 10s. 6d. each.
How many men and how many women were there ?

48. A ecriminal, having escaped from prison, travelled 10
hours before his escape was known. He was then pursued,
0 a8 to be gained upon 3 miles an hour. After his pursuers
had travelled 8 hours, they met an express going at the same
rate as themselves, who met the criminal 2 hours and 2%
minutes before. In what time from the commencement of the
pursuit did they overtake him ?

49. A farmer hes an irregular piece of land, containing 5
acres, which he wishes to exchange for a square field of the
same size. Required one of the sides of the square field.

REMARK.—An acre of land contains 160 squate rods. Only an
approzimate anawer to this question ean be found, as the given
quantity is not & perfect square.

50. I have a field containing 10 acres; and the length of
the field exceeds its width by 18 rods. Required its dimen-

sions.
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51, A man bought a field whose length was to its breadth
as 8 to 5. The number of dollars paid per acre was equal to
the number of rods in the length of the field ; and the number
of dollars paid for the whole was equal to 13 times the
number of rods round the field. What did he give for the
field ?

52. A father gave to each of his children, on new year’s
day, as many books as he had children ; for each book he gave
12 times as many cents as there were children; and the cost
of the whole was $15. How many children had he?

53. A messenger had been goune from a certain place 8
hours, when another was sent after him. The first went 7
miles an hour, and the second 11. In what time did the
second, overtake the first ?

54. A man wished to plant a certain number of trees in the
form of a square. At the first trial, he had 39 trees left. Ho
then determined to enlarge the square by adding one tree to
each row; to do which, he found it necessary to proeure 50
trees more. How many trees had he ap first?

55. A grooer, being asked the size of 3 wine-casks, replied,
“If Tfilt the first cask from the second, 2 of the wine will
remain ; if I fill the second from the third, } of the wine will
remain ; and the third eask will contain the comtents of the
first cask and 23 gallons more.”” Required the size of the
casks.

58. A cistern, which holds §340 gallons, is filled in 3 of an
hour by 3 pipes; the first of which conveys 13 gallons more,
and the seeond 6 gallons less, than the third per minute. How
many gallons does each pipe convey in a minute?

57. Two persons, A and B, set out at the same time from
two towna at a distance of 672 miles. B travelled 8 miles a
day more than A.; and when they had traveiled half as many
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days a8 A went miles in a day, they met. How many miles
did each travel daily?

58. A farmer has a rectangular peach-orchard, with unequal
gides. If the difference of the sides be multiplied by the
greater side, and the product divided by the less, the quotient
is 24 rods; but if their difference be multiplied by the less
side, and the product divided by the greater, the quotient is
only 6 rods. What are the dimensions of the orchard ?

59. There is a school-room in Boston, whose length is to its
breadth as 6 to 5. If it were a square, having its sides equal
to the length, it wonld contain 891 feet more than it would
were the sides of the square equal to its width. What are
the dimensions of the room?

60. The fore-wheel of a carriage makes 6 revolutions more
than the hind-wheel in going 120 yards; but if the circum-
ference of each wheel be increased one yard, it will make
only 4 revolutions more in going the same distance. What is
the circumference of each wheel ?

61. Find a mean proportional between } and 15.

62. If 20 be added to the square root of a certain number,
the cube root of the sum will be 3. Required the number.

63. Find two numbers, the sum of whose second powers is
61, and the second power of whose sum is 121.

64. Divide 104 into three numbers in geometrical progres-
gion; the terms to be such that the sum of the first and
second shall be to the sum pf the first and third, as 2
is to 5. )

65. In a geometyical progression, consisting of four terms,
the sum of the first three terms is 52, and the sum of the last
three is 156. What are the terms ?

66. There is a number, consisting of three digits, to which if
896 be added, the digits will be inverted. Moreover, the sum
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of the squares of the digits is 56, and the square of the middle
digit exceeds by 4 the product of the other two digits. What
is the number ?

67. Two travellers, 500 miles apart, set out to meet each
other. One travels 6 miles the first day, 8 the second, 10 the
third, and so on till they meet. The other starts 5 days after
the first, and travels regdmly 20 miles a day. In how many
days will they meet, and how many miles will each travel?

68. If the sum of two numbers be increased by 4, and then
the square root of the sum be taken, the result added to the
sum of the numbers will be 68. Moreover, the difference of
the squares of the two numbers is 240. What are the
numbers ? °

69. There is a certain fraction, such that if we extract the
square root of the numerator, and double the denominator, the
" value of the fraction becomes }. Also, if we add 1 to the
square root of the numerator, and subtract 1 from the denomi-
nator, the value of the fraction becomes §. What is the
fraction ?

70. If the square of a certain number be taken from 40,
and the square root of the difference be increased by 10, and
the sum be multiplied by 2, and the product divided by the
number itself, the quotient will be 4. Required the number.

71. Two clerks, A and B, sent ventures in a ship bound to
India. A gained $11; and, at this rate, he would have gained
as many do??rs on & hundred as B sent out. .B gained $36,
which was but one-fourth pard as Enuch per cent as A gained.
How much money was sent out by each?

72. Required two fractions, whose pfaduct is J, and the
sum of whose squares is §3.

73. A company of persons spend £3 10s. at a tavern. Four

of them go away without paying; in eonsequence of which each
22
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of the others has %0 pay 2s. more than his proper share. How
many persons were there in the company? and what was the
proper share of each ?

74. A geutleman bought a rectangular lot of land, giving
810 for every foot in the perimeter. If the same quantity of
Iand had been in the form of & square, and he had bought it
in the same way, it would not have cost him so much by
$330; and if he had bought a square piece of the same
perimeter, he would have had 12} rods more. What were the
dimensions of the lot?
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